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¥ NUMERICAL METHODS
IN GEOTECHNICAL ENGINEERING

! LECTURE 1
Introduction

LLLLLL

Marco Barla
Dipartimento di Ingegneria Strutturale, Edile e Geotecnica

| EXPECTATIONS

WHAT ARE MY
EXPECTATIONS FOR THE
NUMGE COURSE?
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TEACHERS

Marco Barla Guido Musso

Consulting hours: Consulting hours:

Wed 10-11 a.m. Thu 10-11 a.m.

® 4824 R 4837 i
E marco.barla@polito.it H guido.musso@polito.it |
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PROGRAMME
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SEMINAR LECTURES i :

1to5 Extension of FEM formulation to flow )it b W@\“’JL
6to8 ~ Multi anchored retaining walls i

APPLICATIONS i |

1to12 Design of a tunnel by FEM

See detailed programme on the web site.

TEACHING MATERIAL

Slides of each lecture will be available on the WEB site
together with some selected reading material.

Additional reference:
PO - SKOTCREN\ o RECAR

. Finite element analysis in
eotechnical engineering - theory
y David M Potts & Lidija
dravkovic, Thomas Telford 1999

THEOU

BAS! OF Fed
4

i meccanica
e ingegneria

delle rocce

by Barla, Celid, 2010

. ApOOIOR (w0

Geotechnical modelling | |

by David Muir Wood, |
Spon Press 2004

thod: its
basis and fundamentals

by 0. C. Zienkiewicz, R. L. Taylor,
J.Z. Zhu
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| GEOTECHNICAL ENGINEERING

GEOTECHNICAL ENGINEERING draws not only on relevant
scientific and engineering fundamentals, but also on public
restraints, construction practice, and risk management.

(Morgenstern 2000)

v

¥ 5
Geology Rock Mechanics Soil Mechanics

Engineering Geology
Hydrogeology Public Policy
Structural Mechanics GEOTECH N |CAL Contract Law
ONumerical Analysis ENG' N EER' NG Risk Management
B v Coothoqul R Materials Mechanical Engineering (

Ground Movements
Geochemestry Construction
Site Exploration

)

GEOTECHNICAL ENGINEERING
DESIGN METHODS - fwxces

« The logic process which, starting with idealisation of a civil,
environmental structure interacting with soil and!or rock mass

« This requires one to adopt de51gn analysis methods which most

often imply the use of numerical methods. Our class will be
devoted to the use and understanding of these methods.

= A very important step is the schematic and simplified
representation of the engineering problem at hand. In most
cases this implies the definition of an appropnate ‘model” to
describe the engineering st structure by keeping well in mind the

de51gn methods to be used.

T 0 2000 Aethooa amol We Upe  Numeieol UMW for
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| GEOTECHNICAL DESIGN IN

NORMATIVA ITALIANA (Decreto
Yesterday >>> del Ministero delle
Infrastrutture 11 MARZO 1988)

EUROCODE 7

Today >>>
NTC 2008

Voadh vo Volmoke o Rour Yo Aupang. WL ReSistayce Sonces (8
Witk TQ. Soumc (raTiovs (S, Atk v forcan) euok fuoQ a

m‘@% T;/%}}/‘.%dlm

DM 1988 (oldies...)

Safety is evaluated by means of global safety factors,

comparing the resisting forces R to the soliciting ones S:

adm

%a(FS)

Required safety coefficients:
Bearing capacity of direct foundations: 3

2,5 (2 if loading tests are
perfomed on piles)
1.5 (toppling)

1,3 (horizontal traslation)
2 (bearing capacity)

1,3 (global stability)

Slope global stability: 1.3

Limit capacity for single pile:

Walls on direct foundations:

10
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'EUROCODE 7

Geotechnical Category 2 should include conventional types of

& structure and foundation with no exceptional risk or difficult soil or
loading conditions.

. Design for structures in Geotechnical Category 2 should normally
include quantitative geotechnical data and analysis to ensure that the
fundamental requirements are satisfied.

Routine procedures for field and laboratory testing and for design and
executlon may be used for Geotechnical Category 2 designs.

The following are example of conventional structures or parts of
structures complying with Geotechnical Category 2:

spread foundations, raft foundations, pile foundations, walls and
other structures retaining or supporting soil or water, excavations,
bridge piers and abutments, embankments and earthworks, ground
anchors and other tie-back systems, tunnels in hard, non fractured
rock and not subjected to special water tightness or other
requirements.

EUROCODE

Geotechnical Category 3 should include structures or parts of
structures which fall outside the limits of Geotechnical Categories 1
and 2.

Geotechnical Category 3 sh_ou[_d normally include alternative
provisions and rules to those in the EC7 . standard.

Geotechnical Category 3 includes the following examples:

very large or unusual structures, structures involving abnormal risks,
or unusual or exceptionally difficult ground or loading conditions,
structures in highly seismic areas, structures in areas of probable
site instability or persistent ground movements that require separate
investigations or special measures.

forn QMNOUN ¢ UNe- A pupAcol
TN e U
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THE OBSERVATIONAL METHOD

Uncertainty and variability of parameters may be quite high for
geo-materials.

Elastic modulus (E}
Undrained strength (c,)
= Geomaterials RIS

Effective cohesion (¢')
Coefficient of friction {tan®}

HB material constant (m)
Ultimate strength - concrete

CGV:; | Structural E:LUQ_,

Ultimate strength - steal iatarials

Ultimate strength - aluminum

¥ SRR i

0% 10% 20% 30% 40% 50% 60%
Coefficient of Variation (COV, %)

THE OBSERVATIONAL METHOD

The following requirements shall be set before construction is
started:

. - the limits of behaviour which are acceptable shall be established; the
' range of possible behaviour shall be assessed and it shall be shown

that there is an acceptable probability that the actual behaviour will

be within the acceptable limits.

actual behaviour lies within the acceptable limits. The monitoring
shall make this clear at a sufficiently early stage and with sufficiently
short intervals to allow contingency actions to be undertaken

successfully.

e the response time of the instruments and the procedures for
analysing the results shall be sufficiently rapid in relation to the
possible evolution of the system.

if the momtor‘ing reveals behaviours outside acceptable limits.

14
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ROCCIOSO 3
FREQUENZA g
E DISTRIBUZIONE £
DELLE DISCONTINUITA 3
o
=
STATO TENSIONALE +
IN SITO 1 e
| MODELLO 9 =3
*|  GEOTECNICO 5]
CONDIZION| DI FLUSSO o
IDRAULICO i oL
r o
ANALIS| PROGETTUALI e
=
VALUTAZION] EMPIRICHE b
MODELLI NUMERICI o
ALTRI METODI DI ANALIS| &
=
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| GEOTECHNICAL MODEL

It is a schematic representation of reality able to =
¥ describe the fundamentals aspects of the

information provided by the geotechnical
characterisation process. '

16

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 21 di 752



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 23 di 752

| CONTINUUM vs DISCONTINUUM

EQUIVALENT CONTINUUM MODEL, the rock mass is treated
as a continuum with equal in all directions input data for

the strength and deformability properties, which define a
given constitutive relation for the medium: elastic, elasto-

plastic, etc.

DISCONTINUUM MODEL, the rock mass ls_rgpresentet:{_ asa
| discontinuum and most of the attention is devoted to the
| characterisation of the rock elements and the rock joints/

B discontinuities. The modelling approach consists in
i considering the blocky nature of the system being
analysed. Each block may interact with the neighbouring

& blocks trough the joints.

We Qut pwmieel but- Gupiaey cueh W ok O L) Wil
MOdRQ, : we MO a LoboR WuQ auul Cok of cont to dbbatu HR
TLOE noded but W Usek 10 PMRCTICAL MDA .

\sa'y parkock m% mt-&\mve OF CHMUA C TE RLGRAT (ON

'GEOTECHNICAL MODEL

& « At microscale all materials are discrete

systems. However, represent_a_ng Eh_e
microscopic components individually is
intractable mathematically and unnecessary in

practice.

« The model does not have to be complete and
perfect: it only has to be adequate for the
purpose.

(Jing 2003)

We e He  duora o takoun aunar Me maokel
dopoudn ol He Sope of- e ok ~
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NUMERICAL METHODS
IN GEOTECHNICAL ENGINEERING
LECTURE 2

| Stresses and strains

Marco Barla
Dipartimento di Ingegneria Strutturale, Edile e Geotecnica

OUTLINE

» Matrix algebra
s B . Stress and strain
8 .« Solution of a boundary value problem in
Continuum Mechanics
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Qs = T(\MQS.POSQ_,CQ\QUQQ WA i, COUMMA

MATRIX ALGEBRA

-

The transpose: a

=[al a, 03] AT =

Mox® = Towy b Celatumn

Matrix multiplication:

Ay1Byy + Ay By
=|Ay;Biy + Ay By,
A31Byy + Ay By

A12
A By By 4
2 11B,, By, |
21 22
32
Aj1Byy + A B,y
Ay 1By, + Ay By
As1B1; ""Asszz_

MATRIX ALGEBRA
The identity matrix or unit matrix of size nisthe nxn
square matrix with ones on the main diagonal and zeros

elsewhere. Some examples of unit matrices are:

¥ G 01 - 0
11=[1]-°12=[ 0 1 ]*‘rﬁ in e
0 0 -

A zero matrix or null matrix is a matrix with all its entries

being zero. Some examples of zero matrices are:

0 0 0" 0 0
0. = 0-\0 4 = ;O'v s "
g [ ] a2 [ 00 ] + [ 000

S KT
THrER TITLE TWO
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STRESS TENSOR

defined by using a 2"¢ rank symmetric tensor with 6
independent components (o;=0;;)

o, y « In matrix notations:

O3 G 0Oy
g = Oy  Oag
sym (5 3h

« In engineering notations:

(2 tx\r Ty

& Ty =1t 9y .7p

T o

2 Whg

STRAIN TENSOR
The state of strain at a point in a continuous medium is

A = In matrix notations:

11 Epp 3

i £33 £33
$ntt spm L3 fgg
Shear strain tensor is the Engineer shear strain is s
average of two strains the total shear strain = In engineering notations:
1(av dn dav  dur
Eq.-:(—g+ﬁ yx_\-a—td-E ] o <
’ o & Vi Y
- The diagonal components give the longitudinal strain & =¥ ry Vie
in the x, direction { i
« The out of diagonal components are half the angular ¥ ik }’w % &

shear of fibers which are initially orthogonal (2e;=y,)

T STaaiN TOISOR. ih AL coulicobedt -
© ez (ONBITUOMAL ST W 3 deffenguk Rt
- SHRAMe St W fe vuLL ANGWLR. 5
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Toeon Wit Wo d fenout rofenange sypteun |
TENSORIAL EQUATIONS

-
ch’ Ty Tz |4 b b0y Ty Tg| 4 my

Symcy Tyzt 5| My My M - Oy Tyl b my 1y
L O Ny Ny Ny Oy 3 my Ny
g

e

STRESS AND STRAIN INVARIANTS

During the transformation from one reference system to

the other, the following quantities remain INVARIANT

For Ty (i.e. for the six stress components)

ls = l1e=0y + Oy + O, FIRST INVARIANT ~ AVE A T SI0@<y
ly = 1,;=0,0y + 0,0; +0,04

= = ST =
I R
T - 2
I, = l3,=0,0,0; - O, T P i

vy T2 Ty T Ty

SECOND INVARIANT

o THIRD INVARIANT
&

NOTE:

]03 -I.o2 +1II,6-1II, = Ol © Principal stresses:
.01: Qz:\ 03

Wik i We dllheeuce aloat Biz,y T Srur?
Guan b5 anhom achi (agisce) @ o plame ot
fooou ‘+ o Ahowe sbven . ;
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ISOTROPIC & DEVIATORIC
STRESS

The reasoning above holds true also for the stress
tensor as follows:

Iy Ty Tx p 0 0 Oy =P Tyy Xz
Oj=|Tx Oy Tyu|=|0 p O|+| 7, oO,-p 7T,
T Ty, O 0 0 p 7 Ty, 0 TP
Isotropic tensor Deviator
(Volume change) - (Shape change)

‘ Isotropic (Ul +0, + az} b
Stress = 3 3

ISOTROPIC & DEVIATORIC
STRAIN

Invariants J,., J,, , J;, of the deviatoric strain:

L I, I,
e R gl T e
3, etk e ke (e b e TS
2~ 3 € 6 i ) 27€3)% (e3¢,

35, = L-131L1+2/3],
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Fllx 9 ¢ STRTSSES AND STRAINS

93) OOUNDARY VALUE PROBUENMS
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BOUNDARY VALUE PROBLEMS

Flecd = CAivo

Boundary value
& given along the

~ Region governed ™\
by adifferential
-equa_tifm

boundary curve
In mathematics, in the \ /
field of differential |
equations, a boundary value
problem is a differential equation together
with a set of additional restraints, called the
boundary conditions.

! Asolution to a boundary value Droblem isa’

! solution to the differential equation which also
satisfies the boundary conditions. =

SOLUTION OF B.V.P. IN
CONTINUUM MECHANICS

To solve a boundary value problem in Continuum
Mechanics, the following conditions need to hold true:
DONONC VA LR

i « equilibrium equations
« compatibility equations
= stress-strain law (“costitutive law”)
« boundary conditions (both force and d1sp!acement)

Each of these conditions is considered separately, by
keeping in mind the developments in the following
with reference to Numerical Analyszs/Numencal
Modelling.

12
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MATHEMATICAL COMPATIBILITY

The problem can be studied by paying attention to the definition of
the strain components, by assuming small strain theory and a
compression positive sign convention. As well known, the strains ¢,
£y €25 Yxys Yyz» Yz €N be written in terms of the displacement
components u, v, w as follows:

_au ., av o ow
Ey —"—éx—" H Ey =—~—ay : €z=—az !
oy =_fj_|-|_+_al"..., _d\"_._ﬁw_'
dy  ax iz ay
Yz = W + _I?U M
(33 0z

As the strains are a function of only three displacements, they are not
independent. It can be shown mathematically that for a compatible
displacement field to exist, all the above components of strain and
their derivatives must exist (are bounded) and be continuous to at
least the second order. The displacement field must satisfy any
specified displacements or restraints imposed on the boundary.

| MATHEMATICAL COMPATIBILITY

| The compatibility equations are as follows: & %MMM

{EVEX + azg,l‘ — azy“}’ azg.r d i ay)'z i dya{ 7Y ay")"
ox®  oxay  dydz 20x\ dx dy 0z

+ = i
azt  t dyaz dzdx  2dy

625}. 6232 _ 32}’),2 d g_v d (ay}z ayzx ¥ 6}"‘\ ]

e, Ve, Oy, 8, _ 8 (I dyn s
ox* 9z  0xdz dxdy 20z G

14
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(€1 I8Y"  EUSTC COVSTANT MATILY

3D PROBLEMS
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w){l-20) 0 P 0
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1] 1] o (] e 0
2l-v)
6 0.0 N} il
-0 v
X

The constitutive law above can be re-written, in order to. - y
obtain the stress tensor from the strain tensor. To this purpose
we need to write the inverse of [D], i.e. [D]? = [C] This is the
most often used matrix in our course. .

b= SWRAL YWoNULS Jiofl‘r@@- WOz o o@ VoA
k= Bl HOBUOLS @Ldﬁm&\mc—

3D PROBLEMS

K+4/3G K-2/3G K2/3G 0
K+4/3G K-2/3G 0

K+4/3G 0

[c)= =

oo e o

(7]

6 Jowo © © o

whenever we need to write the volumetnc and dewatoric reggonse

separately, wﬁich is often the case.

Nouudly we Unect (€,¢) buk o o&m,okaot olamam
Aok OMOPIC Aol we. Ureck. (GK) awol reol

e & M. SREuIoy N
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a Rowe shven we bove o Supddfy egpatuun

PLANE STRESS

| PLANE STRESS 2D

o 0 0
[o-r g, 0]”[‘7]—[0 q; ‘
Ay 0 00
t 1 v 0
[c]= EQ vk 10}
72 | e
2
X

This condition is rarely applied in the solution of
Geotechnical Engineering problems

T Mulo o Ko ok Anain I8
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EXAMPLES OF AXI SYMMETRY

Circular '
Footing | P P

Triaxial
Single Sample

Pile

20
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STRESS ANALYSIS
 In engineering mechanics, Stress Analysis consists of
resolving a problem into its simple elements,

regarded as being those which produce closed form or
pseudo-closed form solutions.

Only in a few cases Analytical Solutions can be found to

geotechnical engineering problems of practical concern.
The boundary conditions are not easy to describe, the
governing partial differential equations are non linear,
the problem domain is non homogeneous, or the
constitutive equations for soil/rock are non linear or
otherwise insufficiently simple mathematically. In these
cases, approximate solutions may be found using

computer-based Numerical Methods.
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STEPS

The finite element method involves the following
steps:

4. Global equations
Combine element equations to form global equations.

5. Boundary conditions
Formulate boundary conditions and modify global equations.

6. Solve the global equations

To obtain the displacements at all the nodes, from which
secondary quantities such as stresses and strains are evaluated.

Axial stiffness
ele‘ment 1D
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STEP 2 — PRIMARY VARIABLE
APPROXIMATION
i DISPLACEMENTS

| The displacement u(x) is selected as the primary variable. Its
components are assumed to have a simple polynomial form, where the

~ order of the polynomial depends on the number of nodes in the
. | element.

u(x) = a,+ oy X

u)=[1 x] l:j] ]::} L) =[¢]"[a!

Writing it for the two nodes i, j we obtain:

O
u@=u=1[1 0]

04

a’o
ulL)=u;=[1 L][ ]

Q.

STEP 2 — PRIMARY VARIABLE
APPROXIMATION
DISPLACEMENTS

The vector of the nodes displacements is:

Y 1 0 Oy
w2 le Ll \[ul. =[Allc]

| Solving for a we have: [a]= [A}l[ul

ux) =[¢]'[e] = [$]" [AT" [u] = [H]T [u].
where [H] is known as the matrix of SHAPE FUNCTIONS
- finally:

10 T
] =t x]_1 1 u(x) = [(1- x/L) x/L]{u‘}
& & ' Y

RN

CHY  CONTAWNS The eoano vy R THR ProRiens
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| STEP 3 — ELEMENT EQUATIONS
STRAIN AND STRESSES

Applying the principle of Virtual Work:

virtual strain

S [Ef[ol dV, = Xi; + Xu j‘/

o

virtual nodal displacements

~ >
B ~

Internal virtual work Extern;_l virtual work

Virtual work
Strain energy = due to nodal
forces X; and X

STEP 3 — ELEMENT EQUATIONS
8 STRAIN AND STRESSES

L Ll e e B, e
<L, Tl )
-5 (7T e o]

ku‘

i From which:

X

X

e

lI

And finally:

€], 1, el - s o] eelox

S(x) cross section

10
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Axial stiffness
‘element 1D

STEP 4 - GLOBAL STIFFNESS
MATRIX

The next step in the formulation of the finite element equations is the
assembly of the separate element equilibrium equations into a set of global
equations by the direct stiffness method.

. Equilibrium Equations
X; = K  Kally, for the Assembly =
X3 v K || uy :
Global Stiffness
Matrix

[X] = [K][u]
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| STEP 4 - GLOBAL STIFFNESS
MATRIX

& \l.
s s | o ][
L L
S.E S.E S,E S,E
X, |= =iy 1_+2_ £5% u,
L L I L
X, 0 &E SE | |y,
L

[X] = [K][u] 1

! STEP 5 - BOUNDARY CONDITIONS

u;=u,;” KNOWN  X;= UNKNOWN

u;=  UNKNOWN X,= KNOWN 1 1 2 2 3
2 @ &
u;=u;’ KNOWN  X;= UNKNOWN
X0 S48 -5 -S| |
Xi=2 |=eL| -5 S 0 03"
Xg=2 «S; 0 S, uy*
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SUMMARY

The essential features of the Finite Element Method (FEM) have been

described by taking the axial stiffness element (“beam” element) as
case example. The procedure shown and the different equations
derived (Steps 1-6) apply in general.

In summary we have:

1. Element discretisation (FEM mesh)
2. Displacement Approximation u(x)=[H]" [u].
3.‘[ = Computation of Strains and Stresses [e]=[B] [u].
» Computation of Element Stiffness [kle=Jy [BIT[C][ B]dV
4, Global Equilibrium Equations [X] = [K][u]

5. Boundary conditions

6. Computation of strains and stresses [e]=[B] [ul.

[o1=[C][B][u].
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STEPS

The finite element method involves the following
steps:

1. Element Discretisation

Modelling the geometry of the problem by assemblage of small
regions named finite elements.

2. Primary variable approximation

A primary variable must be selected as well as how it should vary
over a finite element. In geotechnical engineering it is usual to
adopt displacements as the primary variable.

3. Element equations

Use of an appropriate variational princrple to derive element
equations. ; ;
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¥ ELEMENT DISCRETISATION

" the elements and nodes must be numbered in syg!tematlc
I manner.

We Il see later that the way we number the mesh
influences the computation process.

ELEMENT DISCRETISATION

When constructing the Finite Element mesh the following

should be considered:

» The geometry of the boundary value problem must be
approximated as accurately as possible and the
discretization process need be performed with great

care.
« If there are curved boundaries (such as in the case of
tunnels) or curved material interfaces, higher order

elements, with mid-side nodes should be used.

« Mesh design may also be influenced by geometric
discontinuities or the applied boundary conditions.
These can be modeled by placing nodes at the
discontinuity points. ;
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* PIAST UNKRNORN ¢ THE DISPLAQRINT
CUNE UNRNEMN ¢ STIAING AN (eSS .

()| DISPLACEMENT APPROXIMATION

In the displacement based finite element method the primary
unknown quantity is the displacement field which varies over the
problem domain. Strains and stresses are treated as secondary
quantities which can be found from the displacement field once it has

been determined. The main approximation of the finite element
method is to assume a particular form for the way these displacement
components vary over the domain under study. Clearly, this assumed

variation must satisfy the conditions of compatibility.

ik |Lu(%2)1=[H(x,y,2)] [ul) ¢
o Pj!@{m oS- 4 Element Shape ( | d.U) Coo
% Q ! : Functlon O*"z. F‘\%.?Q I

If we use this function for the elements in the mesh, we obtain a

FEM approximation of the equilibrium equations. To thls end, we
apply the Principle of Virtual Work.

DISPLACEMENT APPROXIMATION

The essential feature of the element wise approximation is that the

variation of the unknown displacements within an element is
expressed as a simple function of the displacements at the nodes.
The problem of determining the displacement field throughout the -

finite element mesh is, therefore, reduced to determining the
displacement components at a finite number of nodes. These nodal

displacements are referred to as the unknown degrees of freedom.

For two dimensional plane strain problems there are two degrees of
freedom at each node: the u and v displacements in the X and ly
coordinate directions respectively.

U~ w o ool Ao lm :
NG TTEL < <CENC O s 1Y@ T0's b0 38
W =
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ELEMENT EQUATIONS

Again we write:

|TFI. = K], [ul.|

Where:

(K], = fye [BL [CL. [B], dV,| Elementsifipess matex

2] - exvening Fowas ecton o) forean auct \t W Ccoupareal by < oy
“FY Yowune Fowces
» €% paralaotep

_ bAs GLOBAL EQUATIONS (4)
kA F\ ~
%Db\{ TR The next stage in the formulation of the finite element equations
i c L) N TIAL is the assembly of the separate element equilibrium equations
\ into a set of global equations:
STALRY AND
o [R=Ku]|
STAAN R @ § o -

The Global stiffness matrix is obtained by summing the element
stiffness matrices: '

(1K1 = 2. e BIT[CIL [BI. @V, ) Global stiffness matrix
The vector of the forces at the nodes is:
(IR = [F" +[F® +[FF+ FF+ 1T |

If local axes are defined for the elements, it is necessary to
transform the element stiffness matrices and the load boundary
conditions prior to assembling the global system of equations.

i Aotoely Wy 2o bo Sy Aflicatiouny .
We coupored go Aaan for eotdn elosaitss .
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BOUNDARY CONDITIONS

2 - displacement boundary conditions

The displacements on the
boundaries are known

s u=0

\\. v=0

u.—.v:{)j u=v=0

Wse oR AimQotassestalouig Doussia

| BOUNDARY CONDITIONS

3 - loading/displacement conditions

On the surface boundary the
stresses are known and

on other boundaries the
displacements are given

. u=0

1 . = e \ u=v=0

10
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(¢ § SOLVE THE GLOBAL EQUATIONS

Once the global stiffness matrix has been established
and the boundary conditions added, a large system of
simultaneous equations is obtained (N equations with N
unknowns, where N = nel, with n=number of nodes in
the mesh and I=number of unknowns per node). There
are several different mathematical techniques for
solving large systems of equations:

« direct methods (e.g.: Gaussian elimination; most
finite element programs adopt this method)

« iterative methods (e.g.: the conjugate gradient
method which is shown to be more effective for
solving 3D problems)

Connkunsnn we Boae. A o o eec Apalan
(0udio WRTHOLR AU v - ).

FLOW DIAGRAM FOR FEM

Real Problem
v

Approximate
displacements [u]

h 4

Compute stiffness Flow Diagram for

matrix [k]. a typical FEM Code
[

Equilibrium Equations
[R]=[K][u]

Boundary Conditions

[u], [£], [@]

12
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STEPS

The finite element method involves the following
steps:

1. Element Discretisation

Modelling the geometry of the problem by assemblage of small
regions named finite elements.

2. Primary variable approximation

A primary variable must be selected as well as how it should vary
over a finite element. In geotechnical engineering it is usual to
adopt displacements as the primary variable.

3. Element equations

Use of an appropriate variational principle to derive element
equations.
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