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Mathematical Analysis | (2013-2014)

Basic Notions 1 - Sets and some logic

Paclo Boieri

Dipartimento di Scienze Matematiche

October 2013

A set is defined writing a list of its members (called elements), all
different one from anather; the elements are said to belong to the set.
Examples: A= {1,2,3}, B = {a,b,c,d, e}. We use capital letters for
sets, lowercase letters for elements.

If x is an element of the set £, we write x € E; if x is not an element of
the set E, we write x ¢ E

A set with no elements is called empty set; the notation is ().
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Given a set B, the set A is a subset of B (we say also that A is included
in B) when all the elements of A belong also to B. We write AC B,

The empty set @) is assumed to be a subset of any set A.

If there exists at least one element of B that does not belong to A, we say
that A is a proper subset of B (the notation is A C B).

If AC B and B C A (i.e. all the elements of A belong also to B and all
elements of B belong also to A), then we say that the two sets are equal
and we write A = B,

Oiciebey J35%

The set of all subsets of A is called the power set of A. The symbol is
P(A).

Example. If A= {a, b, c} the power set of A is:
{0, {a}, {b},{c}. {a. b}.{a,c}, {b,c}. {a. b, c}}

If A has n elements, then P(A) has 2" elements.

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 7 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 9 di 420

Operating with sets - 2

Some remarks.
e CxA=X\A
s AAB=(A\B)u(BYA)=(AuB)\(ANBE)
@ for other properties: see textbook (page 3)

o the De Morgan laws show the relation between complement, union
and intersection:

C(AUB)=CAN(CB)
C(AnNB)=CAU(CB)

Propositions and predicates

In Mathematics, we use only statements that can be true or false: for
instance "3 < 4" is a (true) mathematical statement, while "3 > 4 is a
(wrong) mathematical statement.

Frequently a mathematical statement depends upon one or more variables;
in this case it is called a predicate. A predicate is neither true nor false,
until we fix the value of the variable(s).

As an example, "x is a prime number”’ is a predicate containing the
variable x; setting x = 19 we get a true statement, setting x = 10 a false
one,

For a predicate with one variable (called also property) we use the
notation p(x).
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" Predicates with two or more variables

A predicate with two or more variables is called also a relation. We
consider here predicates with two variables: p(x. )

Using two quantifiers we have eight possible cases:

dx, dy : p(x,y) Jy, Ix : p(x,¥)
dx, Yy : p(x,¥) Yy, 3x : p(x,y)
Wx, dy : plx.y) Jy, Ix : p(x,¥)
Wx, ¥y : p(x,y) Yy, ¥x : p(x,y)

and eight statements with a completely different meaning (try to
understand their meanings, using the relation " p(x, y) = the person x can
do the job y").

The negation of a multiply quantified predicate is obtained by changing
the quantifiers and by negating the relation. For instance:

—(¥x, Jy : plx,y)) <= Ix, ¥y : ~(p(x,¥))
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Algebraic operations in Z

In the set [¥ it is not possible to solve (with the exception of x = 0) the
following problem: given x € ™ find a number y € M such that x + y = 0.

It is possible to solve this problem if we consider a larger set, the set Z of
integer numbers. In this set we have

Vxe &, dyeZ:x+y=0
The number y is the inverse di x and it is written —x.

We can define the inverse operation of the sum, the difference, by setting

x—y=x+(-y).

Lk Herl Y

Algebraic operations in {J

In the set Z it is not possible to solve (with the exception of x = 1) the
following problem: given x € Z ' {0} find a number y € Z such that
xy ==}

Again, it is possible to solve this problem if we consider a larger set, the
set ) of rational numbers. In this set we have

YxeQ\ {0}, JyeQ:xy=1

The number y is the inverse of x and it is written x ! (if x = p/g with
p #0, then x 1 = q/p).

We can define the inverse operation of the product, the quotient, by
setting

xfy=x-y7\.
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Rational and non-rational numbers

The real numbers that are non rational (i.e. the elements of the set B\ ()
are called irrational numbers.

Remarks.
o A rational number has a finite decimal expansion (for instance,

1/25 = 0,04) when the denominator contains only 2 and/or 5 as
prime factors.

@ [n the other cases, it has an infinite periodic expansion (some
examples are 1/3=0,3, 1/6 = 0,16).

@ A non-rational number has an infinite non-periodic decimal expansion
(an example is the non rational number w; the first digits of its
expansion are 3,1415926535).

Oetrbes LT

Rational and non-rational numbers - 2

@ Given two rational numbers g; and gz there are infinitely many
rational numbers (and infinitely many irrational numbers) between
them. The same holds if we consider two irrational numbers r; and
ra: there are infinitely many irrational numbers (and infinitely many
rational numbers) between them.

@ \We can approximate an irrational number as well as we please with
rational numbers (and viceversa).

@ |t is impossible to find a non empty interval of & containing only
rational (or only irrational) numbers,

e TR T T D EE L
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Unbounded intervals

The unbounded intervals are:

(—oc, g] the set of x € R such that x < 3,
(—oc, a) the set of x € R such that x < a,
[a, +00) the set of x € B such that x > 3,
(a, +o0) the set of x € R such that x > a,
14 the real line

(—oo, 4] unbounded closed interval,

(—oc, a) unbounded open interval,

[a, +o¢) unbounded closed interval,

(a, +00) unbounded cpen interval.

Uezaber 011

General property of intervals

The word interval (without any specification) indicates a subset of & of
one of the nine types introduced. All intervals (and only intervals) satisfy
this property:

A subset | of R in an interval if and only if

VxelVyelVzeR: x<z<y=zel.
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The absclute value - 2

If xp € R, the quantity |x — xp| measures the distance between the
points x and xp.

The following property holds.
VxER, |x] 20, and |x| =0+ x=0

If we fix 2 > 0, we can define the following sets:
o (xER: pr=sgl=a) = f{x5=3,%+3)
{xeR: |x—x)<a}l=(x—ax+2a)
{xeER: |x—x|<a}=[xn—ax+a4d
{xeR: |x— x| >3} =(—o00,2 — 3a)U(x+a +oc)
{xeR: |x—x|=a} =(—o0,x — a]U[x+ a,+00)

Gt 074
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Cartesian product - 2

@ We know that the set R, thanks to completeness, is a mathematical
model of the line.

@ The Cartesian product & x B = B? is a mathematical model of the
plane (every element of R? corresponds to one and only one point of
the plane and viceversa); x e y are the Cartesian coordinates of the
point,

@ The Cartesian product B x & x & = B2 is a mathematical model of
3-dimensional space (every ordered triple of R? corresponds to one
and only one point of the space and viceversa).

o A property p(x) (see the first lesson) defines a subset (possibly
empty) of the real line: for instance,
e the property x” -~ 3x = 0 (called equation) defines the set {0.3)}
e the property x(1 — x) > 0 (called inequality) defines the interval (0,1)
@ the property x* + 1 < 0 is never satisfied; it defines the empty set

o A relation p(x, y) (defined in first lesson) relating the coordinates of a
point of the plane defines a subset of 2%, The corresponding points
are the elements of the graph of the relation.

The relation x* + y* — 1 = 0 defines the unit circle in the plane
The relation y > 2x defines the half-plane above the line y = 2x (the
line is excluded)

The relation x = 5 defines a vertical line

The relation 3x® + 5y? < 0 is never satisfied; its graph is empty.
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Some notations

Let X, Y be two sets and f : domf € X — Y be a function.

o If X =R, fisa function of one real variable
e If ¥ =R, fisa real function or real-valued function
o If f:domfCR— R, the graph I(f) C R%

Remark. The graph of a real-valued function of a real variable is always a
subset of the plane. It is not true, in general, that a subset of the plane is
the graph of a function.

This happens when the intersection of A with a vertical line contains to
most one point.

Remark. If the graph of a function is known, we can find its domain with
a projection on the x axis and its range with a projection on the y axis.

O e 2043

Some elementary functions

We describe here some basic functions,

@ Constant valued functions ¥y=c:. ceR

@ Powers y=x", neN\{0}
@ Exponential function y=a, acR;a>0
@ Trigonometric functions ¥y =sinx,y =cosx

Some other basic functions are obtained as inverse functions of those

listed above:
@ Root functions y =+, neN\{0}
@ Logarithmic function y=log,x, acR,a>0,a#1l
e |nverse trig. functions ¥ = arcsin x, ¥ = arccosx,. ..

An elementary function, roughly speaking, is a function obtained from
the functions shown above, using the following operations:

© the algebraic operations
@ the composition of functions.
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We consider the linear function or, better, affine function
fix)=ax+ b, abeR
e a#0
o f is surjective on R, since imf = R
e f isinjective since se x; # x then ) =ax+b# an+b=f(x)
then f is bijective between B and R.
®g=1

@ f is not bijective since imf = {b}
o f is not injective since when x # x; we have that f(x) = b= f(x)
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The graph of the inverse function

The graph of £~ coincides with the graph of the function f:

()

{y.F Y y)eY x X : yedomf}
= {(f(x),x)e ¥ x X : x € domf}.

Here the independent variable is the the second coordinate and the
dependent one is the first.
If we want to use the standard representation of graphs (independent
variable as first coordinate) we must swap (i.e. interchange) the
coordinates.
Geometrically this corresponds to a

symmetry with respect to the line y = x

O abader 201 Y [HES

Exponential and logarithm

We consider the exponential function f(x) = & with a > 0.

elfa#l
flx)=a", f:R = (0,400), is injective and surjective

We define the inverse function, called the logarithm:

Flx)=1log,x, fl:(0,+x)—R

The relationship between exponential and logarithm is:
log,(a") = x, ¥x e R, A% — x Wx € (0,+0)
elfa=1

fix)j=1"=1, f:R— {1}, is not injective
then it is impossible to define the inverse function.

MR - o o P ") R, S
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Even and odd functions

Let f:domf CR —+ R be a function with dom f symmetric with
respect to the origin ( x € domf = —x € domf)

@ The function f is even if f(x)=f(-x), ¥x¢&domf
@ The function f is odd if f(x)= f(-x), ¥x& domf
Examples.

@ The function f(x) = x",n € N\ {0} is even when n is even and it is
odd when n is odd.

@ The exponential function a* (a > 0 and a # 1) is neither even nor
odd.

Periodic functions

Fix a real and positive p; consider a function f such that

e if x € domf then x + p € domf, ¥x € domf
o ¥x € domf f(x)=Ff(x+ p)

This function is said to be periodic of period p.
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Tangent and inverse tangent

The function tangent
F:R\{%-Irkrr:kEE} —+ R, f(x)=tanx

f(x) = tanx = g%
is odd and periedic of period p = 7, then it is not injective in .
Considering the restriction f(x) =tanx, f: (-—%f g) — I injective
(and surjective) we define the inverse function
fil(x) =arctanx, f1:R- (—-E, 32'—)
This function is called inverse tangent or arctangent; a different
notation is tan~1.

Dby, 771}
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Mathematical Analysis | (2013-2014)

Basic Notions 5 - Some properties of functions

Paoclo Boieri
Dipartimento di Scienze Matematiche

October 2013

Monotone functions

interval 1 C dom f (our

Consider a function ¥: domF“CR-u}Ra
deﬁmﬁmmaha to a generic subset
referred mm&j
@ f is monotone increasing on | if
Wamel, n<x = f(a)<flx)
@ f is monotone strictly increasing on | if
Vx,x€1, x1<x e 2 f(x) < f(x2)
e f is monotone decreasing on | if hats
Ve €l, x<x = f(x)2=f(x)
@ f is monotone stﬂn:tlyr decreasing on | if
Vx,m€l, x1<m =" = f{x) > fOn)
@ f is monotone on | if it is increasing or decreasing on I; f is strictly
monotone on | if it is strictly increasing or strictly decreasing on |.
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- Upper and lower bound - 2

The function f is bounded in | if it is bounded from above and bounded
by below in .

Some examples.

@ The function f(x) = x* in | = [~2,5] is bounded from above by all
real ¢ > 25 and by below by all real ¢ < 0.

@ The functions ¥y = sinx, ¥y = cosx, y = arctan x are bounded in K.

o The function f(x) = X in I = (0,1] is bounded by below but it is not
bounded from above.

Convex functions

Consider a function f defined on an interval I. Given two points x; and x
in [, with x; < x3, we consider the segment 5(x;.x2) joining the points
(31, f(3a)) and (x2, f(x2)).

The function f is convex in | if for all xy,x € | the segment S(xy, x2) lies
above (or coincide with) the graph of f in [xy, xa].

The function f is concave in | if the function —f(x) is convex in [.
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Piecewise functions - 2

@ The integer part function (or floor function)
f(x) = [x] = the greatest integer < x
dom f =R; imf=%
@ The mantissa function
f(x) = M(x) = x — [x]
dimFf=R: imf =[0,1)
@ The "positive part” function
o x ifx=>0
0 fx<D
dom f =R; im f = [0, +o0)

Doy 2053

Piecewise functions - 3

@ The "negative part” function
0 ifx>=0
—x Hx<l

dom f =R; im f = [0, +oc)
@ The maximum of two functions

Suppose that f(x) and g(x) are defined in an interval /; the
maximum of the two functions is

h(x) = max{f(x), g(x)} = :-({3 1]_-: :Ej i g:ﬁ

With obvious changes we define the function k(x) = min{f(x), g(x)}.

Ot ber W1 17 Filg
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Neighbourhoods - 1

We consider a point xp € B and a real number r = 0.
A neighbourhood of x; of radius r is the open and bounded interval

o) =(0—rnx+r)={xeR : |[x—x|<r}

Remarks.
@ The point xp is called the centre of the neighbourhood.

@ The neighbourhood /.(xg) is the set of points x having a distance
from xp smaller than r.

@ The American spelling of "neighbourhood” is " neighborhood” .

Neighbourhoods - 2

We consider a point xy € B and a real number r > 0.
A right neighbourhood of x; of radius r is the half-open and bounded
interval

Fo)=Pox+r)={xeR : 0<x~x<r}.

A left neighbourhood of x; of radius r is the half-open and bounded
interval

I (%) = (%0 — r,%] = {x€ER : 0< x0—x < r}.

From these definitions it follows that

IF(x) U I (x0) = I(x0),
I () N 17 () = {x0}-
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Infinite limits at infinity - 2

Now we define limits for x — —oo.
o We consider.a function f : (—o0, b] — R. Then lim f(x) = +ooif

VA>0,3B>0: Vx:xedomf,x< -8B = f(x)> A

@ In the same way, we say that lim f(x) = —c0 if
X—+—0

VA>0,3B>0: ¥Yx:xedom f,x< —-B = f(x)<-A

Examples

e We verify that -!-1'11 Vx = +o0.
In order to do this, we fix A = 0; noticing that

VES A &= x> A

we can define B = A? and we get the result.
X

@ We verify that lim -% = +400:

X——00

In order to.do this, we fix A > 0; noticing that

1\*
(E) > A = logip (5) <logyp A &= x <log;; A

we can define B = log,;;, A= — log, A and we get the result.
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Examples - 2

o We verify that lim

x——00 /] — ¥ 5
Fix £ = 0; we have

==
T g Y e

£

l—% = l

1

L-—x = 2
Xt I—El2

Then, setting B = max (D,—l-z— - 1) , we have
E

x<—-8B = ‘

Infinite limit for x — xg

Detinition

We consider a function f defined in 1{xp), except possibly at xg. If
VA>0,36>0: Vxedomf, 0< |[x—x|<d = f(x)> A
we say that the function f has limit +oc for x going to xg and we write

xlal-;";, f(x) = +o00.

Remarks.

e We can alsosay that 1 tends to +oo or diverges to +oo.
o We the obvioos changes we define ximm f(x) = —oc.

@ The function f may have a value in xg; since we use the
" neighbourhood without centre” 0 < |x — x| < 4 the value at xg
(even if it exists) is not considered in our definition of limit.
Limit is looking at the neighbourhood
and not at the point!
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Left limit of a function

Definition

The function f is defined in I~ (xg) \ {xa}; if
WA = 0,34 > 0 such that Vx -
x€dom fand 0<xg—x<d=f(x)> A
we say that f has left limit +co and we write

lim f(x) = 400

x—ap—
Remarks.
@ With the obvious changes we define
x—ﬁr':g+ f(x) = —oo, xﬂﬁ— f(x)=—00.
@ It is easy to verify that x!?ml ;1_; = 400 and xﬁm—% =y

Limits of elementary functions - 1

lim x" =400 (ne N),

E—p o
lim x"=+40c (neven), lim x"= —oo (nodd)
X—p—D0 X——D0
lim a* =400, lim a*=0 a>1
X=b X ——OD
lim =0, lim & =400 a<l
X=4400 X——00
lim log, x = 400, lim log,x = —
e Ea + 3 T (ss] ax1
lim log,x = —oc0, lim log. x =
Wil Ea 4 og, +oo a<l
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Mathematical Analysis | (2013-2014)

Cirmits 2= Limits-at sy

Paclo Boieri

Dipartimento di Scienze Matematiche

October 2013

Finite limit for x — x5

The definition of finite limit for x — x; € R is not unexpected, if we
consider the meaning of "having a finite limit /" and of " x tends to
M;I E RH ]

Let f be a function defined in I(xp) \ {xo}. We say that f has limit / € R
(o tends to /) and we write Mlli’rr,:]I f(x) =1, if

Ve > 0,38 >0: ¥xaxedom fand0 < |x — x| <6 = |f(x) -l <=

e

Remark.
Given a real number | and using this definition we can decide whether
[ is the limit or not; the definition does not help us in the task of
computing I.
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Example.

@ The function f(x) = x* + 1 is continuous at xg = 0, since
lim f(x) =1 and f(0) = 1.
x—+0

o The constamtfanction (x) = c is continuous at xp € R, since
xll_t;l;lm 1) =c=.l{xp).

@ The affine function m(x) = mx + g is continuous at xp € I, since
lim m(x) = mxg+ g = m(xp).

X—hXg

Remark.
: : sin x 1
o The question " Are the functions f(x) = = or g(x) = >
continuous at xg = 07" has no meaning.

In arder to say whether a function is continucus or not at a point the
function must be defined at that point.

haslsar 013

Second case: removable discontinuity

Let f be a function defined in a neighbourhood I(xp). The function f has
a removable discontinuity or a removable singularity at x if

lim £(x) =1 # £(x0)

Example. Thedionction g{x) = sign (x?) is not continuous at xg = 0,
since Ii_n}-lag[x') =1, while g(0) = 0. The point xg = 0 is a removable

discontinuity for this function.

Dctiber 2013
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One-sided limits at xp ~ 2

Definition

Let f be a function defined in I~ (x) \ {x0}. We say that f has left limit
| € B (or tends to [ from the left) and we write lim f(x) =/, if

H—hig
¥e>0,30>0: Wx:xedomfand0<xp—x<d = |f(x)-I|<¢
The ﬁmctrmmﬂfﬁ?'smum on the left or left

~continuous atxy ' T F{x) = F(x).

R—Hq]

Examples.
@ The mantissa function M(x) is right-continuous at x5 = 1, since
hrn M(x) = 0 = M(1), but it is not left-continuous since
—1+

||m M(x) =1 # M(1).

2 The sign function sign x is neither right-continuous nor
left-continuous at xp = 0, since |inc"l signx = —1 #£ sign0 and
x—4—

lim signx = 1 # sign(0).
Jr—rl:l'*'

Jump discontinuity

Let f be a function defined in I(xg) \ {x0}. We say that f has a jump
(discontinuity) at xp if

o the limits lim f(x) and lim f(x) exist and they are finite
x—i-x& x—!xn

o lim, 1) # i /9
The quantity Wim "F(x) — Tim f(x) is the jump of the function at xo.
x—xg xRy
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Other limits of elementary functions

. : m ;

lim arcsina.= +_—.=.acsin(+1)
x=+t1 e PO

lim arccosx = 0 = arccos1, lim arccosx = 7 = arccos(—1)
x=4+41 x——1

; T
xi:-r:Em arctanx = =+ 3

Limits and neighbourhoods

We have given several definitions of limit: nine for limits and six for
one-sided limits.

All these definitions can be resumed in one definition, using a suitable
notation for points and neighbourhoods:

@ The Greek letter 7 indicates the limit point (x; € R, 400, —oc)
o The Greek letter A indicates the limit (/ € R, +o0c, —ox)

@ The symbol /{~) indicates the neighbourhood of the limit point 7; we
have different rases: ©

N eighbomaod of 2 € K: 5(x) = (% — 6, % + §)

Meighbourhood of +o0o: I(+0a) = (a, +)

Neighbourhood of —so: [(—o0) = (—o0, 3)

Right neighbourhood of x € R: Ij (x0) = (x0, %0 + &)

Left neighbourhood of X € B: I (i) = (% — 4, %)

e & & @ ©

Oactinkm 2019

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 85 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 87 di 420

00 o
Wy 4~ Ay~

o FOLY= £

L D

YEXO dBZO = |flu-el<=

N S darnf '1
(FLu € T (=)

%5
(laum‘:\]‘

= \HIE (&) II_Gw)  vx ‘a{.E-d.::rvwE‘-]I,—_-; fn) e 1.0

x & L, (4o0)

VI(A 3I1(¥Y) Mx:x€damt 0 IANIY]L = fGu e ()

fhon Fl)= R

b

Ha ER LQER

Fiwl = = g

eenf = B
d J, lr‘l”*i:_-i—'l‘(},‘l?';
3K

= w70 N MO

) _.{1
O ik

W=

Rion )= £

L iz
4) B = w3 4A

A
9 Rien B} = Rien w344 = A4

A =]

VE*>O IS0 Mw: x&mi‘g = a2 eA -X <
O< | %w-nal<h

4
pal
=5

[x1®<&  |xl<E

S<i=

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 87 di 420



-

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 89 di 420

&) B= flwe)
/ f lowTinuons
F detired o Ixe) —‘;u::%——“! Rien fOO=RER |
Eha nabnk s il D @ # Elmal
PeErOvABLS

SAREASUARATY

€Y f {s defioed in L\ v
Riva A= 0 € | - PEMONABLE  SUNGULARITY
T - ComMTMUonS PROLCKGATION

COMT OATY  ARD DASCORT RO Y

F S
:j oS
L. S i o s RBicen  El)= £ Rivvi  ELw )= m
Sy o’ o s
o
B —: S
Puon Sagn ¥ 4 Ruorh . fagon sl = =
PP iR T
4) IS
=}
'—‘,_"‘\ Ruren. FRI=RA4
| e - = =
a=€3 = Qien Sl )=04+=R03%
! x Buionn =02 i ks
o .; o
15 CongTInLGLS
2)
- e il I
ol sk wa Qien  FOU=R4
jmp i sy
€2 - = R4 ¥ 22 DASCOWTIRCIEY OF
/'/ | Ruon FLGUMI=R2 THE BRST kiNbD
o v
4 rd
o ol Bl Junp  dcscoosnuxy = |ga-%al
i
et f
v 'S - - Rion sigrow= 4
oy
JonpEl ox wwe=0
S — — Eion '_..gn‘n.=—4-
E L~
w

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 89 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 91 di 420

Mathematical Analysis | (2013-2014)

Limits 3 - Limits and algebraic operations

Paolo Boieri

Dipartimento di Scienze Matematiche

QOctober 2013

Algebra of limits - Finite limits

We study here the relations between limits and algebraic operations of
functions. All the functions are supposed to be defined in /() \ 7.

!fﬁrﬂﬂx] = [ and mg{x} = m then
Jim () £8() = I£m,
Jm fix)glx) = Im,

W [
lim — = mlfm#ﬂ.
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Continuity of elementary inverse functions

In order to study the continuity of inverse functions we need the following
result.

If the function f is continuous and invertible on an interval |, then its
inverse function 7' dseontinuous on the interval J = f(I).
et - "-

Using this result, we can prove the following theorem.

Theorem

The results about continuity of elementary inverse functions are
summarized in the following statement.

o The root function y = /x is continuous in its domain for all n = 2.
o The logarithmic function is continuous on (0, +00).

o The functions arcsine, arccosine and arctangent are continuous in
their domains.

Croaolge- 2003

Continuity of elementary inverse functions

A simple, but very useful result is given by the following theorem.

Suppose that two functions f(x) and g(x) are equal in a neighbourhood
H{4)\ {7} and that jm f(x) exists. Then also :!!-rﬂ,- g(x) exists and the

two limits are equal,

Example. Consider the function

cosx if x<0
f(x) = g
14+x if x>0

Using this result we can immediately say that it is continuous in (—oc,0)
and in (0, +oc); then we have to prove only the continuity at x = 0.

0 dcifper 201
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Algebra of limits - The reciprocal

- [Fx) T 170 | Note
wlms£0 1/m

oo 0

0 (1)

(1) If F(x) = 0in I{7) "\ {7} the limit is +oo; if f(x) < 0in I{7)\ {7} the
limit is —oc. If the function has no constant sign in /(%) \ {7} sometimes
it is possible to consider the right and the left neighbourhood and check
the one-sided limits.

Algebra of limits - The quotient

We study the limit of the quatient of two functions using the previous
result and writing the quotient as:

flx)
gkx) T g{x}

The possible indeterminate forms of the product written above are:
1) 0 oo (this happens when f(x) — 0 and g(x) — 0),

2) oo - 0 (this happens when f(x) — oo and g(x) - o).

These indeterminate forms are denoted using the symbols:

0 [e's]
a and E
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Polynomial functions at infinity

We know the
lim x"=+400, lim x"=+4occ (neven), lim x" = —oo (nodd).
X—++00 X=+—00 =00

If we consider the polynomial function of degree n
P[x}zanx"+-~~+a;x+au (.a,,—#ﬂ]

for x — +oc0 it is possible to have an indeterminate form oo — oc.

In arder to solve it, we factor out the monomial of highest degree a,x™:

=@l -1, o %0
Plx) =aux (1+ o 4ot e + a,.x"')

The expression in the round brackets tends to 1 for x —+ +oc; then

lim P(x)= lim amx"= cc.
X400 x—too

The sign of the limit depends on the sign of a,, on the value of n (odd or
even) and on the limite point (+oc or —o0).

Limits of rational functions - 1

Given two polynomial functions P(x) and @(x) a rational function is a
function of the form:

P(x)  anx"+:--+a1x+ap
Q(x)  bmx™+---+ bix+ by

Rx) = (an, bm # 0, m > 0)

Acting on numerator and denominator as done in the polynomial case, we
have that

: Px : 3ax" a ; -
lim —(1 = lim 4/ =21 |im x""=
x—xoo Qx) x—to0 bypx™ by x—too

oo ifn>m,

= — ifn=m,

0 ifn<m.

Chctiey 23
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Mathematical Analysis | (2013-2014)

Limits 4 - Composition of functions

Paoloc Boieri

Dipartimento di Scienze Matematiche

Composition of functions

Let X, ¥ and Z be three sets and f :domf C X — ¥ and
gidomgC ¥ 2.

Definition. The composition of f and g is the function h=go f (read "g
composed with ") defined as h(x) = (g o F){x) = g(f(x)).

Remarks.

a It is possible to define the compesition if and only if
domg Nimf # 0.

a We have that
x €dom(gof) <= x€domf and f(x) € domg.

@ The composition (in general) is not commutative: gof #fog.
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Limit of a composition - 1

We study the problem of the limit of a compesition of two functions. We
begin with some particular cases.

Theorem

Suppose that:
Qo lm Hx)=1I;
O g is defined in I(I) and continuous at I;
then the composition g(f(x)) has a limit and we have that

Jin g(FOd) = &4} = &{ i flx]).

Limit of a compasition - 2

Let f be continuous at xo. If yo = f(xo) and the function g is defined in a
neighbourhood 1(yy) and continuous at yp. Then the composition g(f(x))

is continuous at xg.

Remark. The identity

tim g(7(x)) = g(lim £(x)) = g()

can be put into words saying that a continuous function commutes
(exchanges places) with the symbol of limit.
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Examples - 3

’ .1
o Compute lim logsin —.
X — 00 X

1
Setting h(x) = sin < e observe that h(x) > 0 for x > 1/m; then the
function is defined in a neighbourhood of +oo. With the substitution
¥ = 1/x we have

’ . -1 ; :
lim sin— = lim siny =0
o X y—+04

With a second substitution z = sin i we have that

lim logsi . lim lo
1im in— = Ium £=—00 .
X—p4o0 'Dg = &

r—0+4

Limit of a composition - 2

We consider now the case of infinite limits.

Suppose that:
© lim F(x) = +00 (respect. —o0);
Q there exists y—liTm gly) ffﬁpﬂf rlffwg_(){])r'

then the composition g(f(x)) has a limit and we have that

lim g(f(x)) = lim_gly) (respectively lim_g(y))

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 111 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 113 di 420

A general result - 2

This theorem gives a sufficient condition for the application of the
substitution method; the additional hypothesis is that the function f has
limit / but it is different from f in a neighbourhood of .

Theorem
Suppose that
@ the composition g(f(x)) is defined in 1{~)\ {7};

& lim=/cR;
x—y

o there is a neighbourhood of v where f(x) 3 I;
o the limit 1im;g{y} exists and equals j;
¥

then the composition theorem works, i.e.

Jim g(f(x)) = J[i_m;g{y] = .
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Mathematical Analysis | (2011-2012)

Limits 5 - Thearems on limits

Paclo Boien

Dipartimento di Scienze Matematiche

October 2013

Uniqueness of the limit

We start studying some general results about limits: the first one ensures
us that the limit process in well defined, i.e. we never end up with two or
more limits.

1||..|| Taq! |l|||||_| ueness of i_f'-: |

B Shat T Selmits a’:m:tla;—-t’gf TR F aciitts o bthes it ok
X — f;r (‘u other words: if limit exists, it is unique).

Proof: Textbook 4.1.1 page 90

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 119 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 121 di 420

The " Sign and limit" thearem

The two following results concern the relation between the limit and the
function in a neighbourhood of the limit point.

Theorem (" Sign and limit" theorem)

Suppose that the function f has a limit A for x = ~. If A =10 or
A = +oo, then there exists a neighbourhood I(+) of ~ such that

F(x) >0, ¥x  1(7)\ {7}.
In the same way, if A = | < 0 or A = —oo, then there exists a

neighbourhood |(7) of v such that f(x) < 0, ¥x € I{7)\ {~}.

Proof: Textbook 4.1.1 page 90

Remark. From the proof we see immediately that a stronger version of
this theorem holds: if A = | = 0 then there exists a neighbourhood where
f(x) > h, Y0 < h<[ When A= +0oc we can find a neighbourhood
where f(x) = h, ¥h = 0.

Clexphiei W LY

Corollary

Suppose f admits a limit A for x — 7.
If there exists a neighbourhood I(7) such that f (x} >0in f{"r} \ {7}, then
A=120o0rX=+ox. . \
A similar assertion holds when f(x) < 0in I(y) \ {7}.
: bt 1)

Proof. Textbook 4.1.1 page 91

Remark. If we suppose f(x) = 0 in /() \ {+} we can not conclude that
the limit is strictly positive. For instance, the function f(x) = 1/x is

: i |
strictly positive in all /;(+oc), but x_lng; =D
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Second comparison theorem - the infinite case

Theorem

Suppose that f and g are defined in I(~)\ {} and there is a
neighbourhood k() such that f(x) < g(x),%x € k() \ {+}. Then:

; i i B
e lim fix)=400 = Jim g(x) = +o0
o iﬂrg{x} T ,!m f(x) = —o0

Two corollaries

E—T-p f(x) = 0 if and only IFJLTT |F(x)] = 0.

Suppose that
@ the function f(x) is bounded in I(y)\ {~}, ie
3IC>0: f(x)| <€ Yxe )\ {7}
o the function g(x) is infinitesimal for x — ~, i.e J;_rEr g(x)=0.

Then the product function f(x)g(x) is infinitesimal for x — v, i.e.
tim F(x)g(x) = 0.

Tretcbes 251%
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Other trigonometrical limits

Using the fundamental limit we can obtain other important limits involving
the trig. and inverse trig. functions.

. l—cosx 1
o lim ———— = —;

x-30 ;(2 2
. l—cosx

@ lim — =10
x—+0 x
. tanx

@ lim =i
x—0 X
. arcsinx

@ lim ——=1;
a=pl X
. arctan x

e lim — = 1.
x—+0 X

Other examples - 1

. sinx
a We prove that lim —.
X—rt+oo X

o We recall that —1 <sinx < 1,%x € R (i.e. sinx is bounded in R;

e we have that lim - =0,
x—++oo X
o then applying the corollary of the second comparison theorem we get
the result.

o We prove that lim (x + sinx) = +oc.
X—++4-00

o We use again the fact that —1 < sinx < 1,¥x € H;

a then we have that x — 1 < x +sinx,¥Vx € B;

e applying the second comparison theorem (infinite case) we get the
result.

Dictrire 2041
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@ a,=nm n>0
The first values of the sequence are:
=0, a3=1, a=4, x»=9
This sequence is the restriction of the function f(x) = x* to the set }.
E B = n in > 1
n ;!ﬁ% B

The first values of the sequence are: a; = %1 ap = %, #= 1—3'-]

This sequence is the restriction of the function f(x) = -Q—:;_—l to the
X
set M {0}.
+1 neven

-1 nodd
The values of this sequence are a3, = 1 and a4 = —1.

® a=(-1)"=

Ciorobier ALY 3k

Limit of a sequence - 1

Definition.
@ We say that the sequence a: n— a, tends to the limit / € B (or
converges to /), and we write lim a, =/,
N—o
if
Ye>0,3n, Vn:n>=mand n>n.— |a,—I| <c.
@ We say that the sequence a: n — a, tends to +oo (or diverges to
+0oa), and we write lim a, = +oo,
A—o0
if
VA=0.3na:Vn:n>mpandn>ne—-a,>A.
@ We say that the sequence a: n— a, tends to —nc (or diverges to
—00), and we write lim a, = —o0,
- n—oc
if
YA>0,3na:VnZ2no,n>n.=>apn<—A.
@ A sequence non convergent and non divergent is said to be
indeterminate.

Lcroprs 0]
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Properties of sequences

It is not always possible (or convenient) to consider a sequence as the
restriction of a function. This happens when:

o we can define the sequence and not the function: for instance, the
sequence n+—+ (—1)" is defined for all n € [4, while we can not define
the function f{x) = (-1)%;

@ we do not know a function whose restriction to [ is the given
sequence; an example is the sequence n — nl;

@ we know the sequence and the function, but it is easier to study the
sequence.

For these reasons, it is necessary to have a theory of limit of sequences;
this task is easier than expected, since it is possible to extend to sequences
the majority of our definitions and results about functions, with the
appropriate changes in terminology (Textbook pages 137-138).

@ unigueness of the limit, the "sign and limit" theorem and its
consequences;

@ the algebra of limits and the classification of indeterminate forms;

© the comparison theorems.

Dhoemder 24000

Some examples

@ The sequence a, = n! diverges to +00.
Since we have that n! > n, ¥n > 2, we may apply the comparison
theorem.

o The sequence a, = n + (—1)" diverges to +oc.
SinceVne M, —1<(—1)" <1 we have that
VneN, n-1<n+(-1)"<n+1
Applying the comparison theorem we reach the conclusion.
@ Given a € R the geometric sequence is the sequence n+— a",
n € M. We can prove that

+oa ifa>l
; a il ifia=13
lim a" =
A—rox 1] if —1l<a<i1
A if 2< =1

e soabeyr TILN

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 137 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 139 di 420

@ The function y =sinx does not have a limit for x — +oo.
In fact, if we consider the sequences

an=2nm and b =%+2mr, nelN
we have that
lim sinap,= lim 0=0 and Ilim sinb,= lim 1=1.
— A=+ A=r00 A—r00

@ The function ¥y = M(x) does not have a limit for x — 0.
In fact, if we consider the sequences

1 1
3, =—— and b, = —, nelM
n ]

we have that

1 1
lim M(a,) = lim1——==1 and lim M(b,) = lim — =0.
n—+o0 n N—i n—oa n

n—rod
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Maximum and minimum of a subset of B - 2

Examples.
@ The bounded closed interval X = [a, b] admits a maximum (b) and a
minimum (a).
o The bounded open interval ¥ = (a, b) does not admit neither a
maximum nor a minimum.
@ The set M admits a minimum (zero), but does not admit a maximum.

If the maximum (resp. the minimum) exists, then it is unigue.
As shown in the examples, there are sets that do not admit a maximum
nor a minimum.

1l dU1E

Upper and lower bounds

@ Aset X C R is bounded from above if
: . JbeR, VxeX: x<b
The number b is an upper bound of X.
o Aset X C R is bounded by below if
JaeR, WxeX: a<x
The number a is a lower bound of X.
o Aset ; sz
X C R is bounded if it is bounded from above and bounded by below:
JabeR YxeEX:a<x<bh '
or
JceR, YxeX ! |x|<ec
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The supremum of a set

Definition. Let X C E be a set bounded from above. The least upper
bound or supremum of X is the smallest upper bound of X:
S = sup X= supremum of X
In other words
@ ¥xe X, x<5; (i.e. 5isan upper bound for X);

e ¥r < S, 3x € X : x > r (any number smaller than S is not an upper
bound, i.e. S the smallest upper bound)

Definition. If X is not bounded from above, one defines
sup X = +o0

Linder 20113

The infimum of a set

Definition. Let X — R be a set bounded by below. The greatest lower
bound or infimum of X is the largest lower bound of X:
s = inf X= infimum of X
In other words
@ ¥x € X, x>s; (ie. sisa lower bound for X);

@ ¥r > s, dx € X : x < r (any number larger than s is not a lower
bound, i.e. s the greatest lower bound)

Definition. If X is not bounded by below, we say that
inf X = —oc.
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Supremum of a function

Given a function f and a set | C domf, recall the definitions (Basic
notions 4) of:

@ max and min of f in /;
@ lower and upper bound of £ in /;
@ the definitions of function bounded from above...

Befinition

The minimum S of the set of the upper bounds of f in I s called the
supremum of f in [: S =sup{f(x):x e 1} =supf(x).
xel

If f is not bounded from above in | we set
sup{f(x):x € I} =sup f(x) = +o0
=l

In the same way we define the infimum of f in . When the function is
not bounded by below in | we set
inf{f(x):xel}= ini; fix) = —o0
XE

Chomadee 201

Monatone sequences

We define manotaonicity for sequences.

Definition

A sequence {a,} is
@ monotone increasing if ¥n > my, 3, < ag41,
o monotone decreasing ifVn = my, an = anta,
e monotone strictly increasing if Vi > ng, ap < 3541,
@ monotone strictly decreasing ifVn > ng,a, > a41.

Monotonicity is a sufficient condition for the existence of the limit of a
sequence. The following theorem is closely related to the similar result
about functions.

Ulrivar 2013
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Napier's number

The sequence

1 m
n

is strictly increasing and bounded from above. Then there exists the limit
for n — oo. This number is called Napier's number ¢

lim [1+=-] =&
ik n

Napier's number e is a non-rational number; the first digits of its decimal
expansion are
e = 2.71828182845905 - - -

Definition. The exponential function f(x) = ¢* is invertible; its inverse
function is called natural logarithm: In x or log x.

horcmer 200 8

Fundamental limits 1

Consider the real variable function

h(x) = (1 4 é)x ;

its domain is A = (—oc, —1) U (0, +20) and, restricted to natural n < 1, it
is the sequence defining Napier's number. We prove that this function also
tends to the Napier' s number.

Fix x > 0; consider [x] = n; from the inequality n < x < n + 1 we have

that

l+%'—-‘-_"1+%l‘>l+#r

()5 (1) ()

(1+%)n(1+%)} (1+,—1()x:> ( "+11)

(1+n+1)

Dicipionm 2043
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Fundamental limits 3

We verify that

lim (14 x)"* =e.
x==+0

1
We set vy = = and we have that

y=+too

. 1he . - l y_
,Irina{1+x] = lim (1+y) =&

Fundamental limits 4

We verify that

RN 7 N SN
x—+0 & log a
We have that:
. log,(1+ x) X 1
i, SELED = iy o, 142
= log, lim (1+x)'/*
log, e = :
= RS s
In particular, when a=e¢ we have
fim log(1 +x) _ i.
x—+{ X
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A table of fundamental limits (exp and log)

e lim (1+E)x=ea (aeR)

x—rtoo X

o lim (L4+x)M*=e
x=0

log,(1+x) 1 log(l+x) 1

@ lim = (2 = 0); in particular lim
x—0 x log a x—0 x
i ga (4= 0% b paveicilar i e}
2 lim =loga (a s in ic im =
] X e o i x—0 x
; 14x)* -1
@ lim L=~:t (x € R).
x—+0 X
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Existence of zeroes - 1

Definition. A zero of a real-valued function F is a point x € dom f at
which the function vanishes.

Theorem [Existence of zeroes)

Let f be a continuous function on a closed bounded interval [a, b. If
f(a)f(b) < 0 (ie., if the images of the endpoints under f have different
signs) then f admits a zero within the open interval (a, b).

If moreover f is strictly monotone on [a, b], the zero is unique.

ety JULY

Existence of zeroes - 2

Let f be continuous on the interval | and suppose it admits non-zero limits
(finite or infinite) that are different in sign for x tending to the end-points
of I. Then f has a zero in |, which is unique if f is strictly monotone on |.

Let f and g be continuous functions on a closed bounded interval [a, b); if
f(a) < g(a) and f(b)>g(b)  (or vice versa)

then there exists at least a point xp in (a, b) such that f(xy) = g(xo).
P ——
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The Weierstrass theorem '

Theorem (Weierstrass theorem)

A continuous function f on a closed and bounded interval [a, b] is bounded

and admits minimum m = min f(x) and maximum M = max f(x).
-

Theorem {Intermediate value thecrem - I version)

If a function f is continuous on a closed and bounded interval [a, b], it
assumes all values between m and M: i.e. f([a, b]) = [m, M].

Monotonicity, continuity and invertibility

We know that if f is strictly monotone on an interval [ then f is injective
in | and that the opposite implication is not true.

But injectivity is a necessary and sufficient condition for strict
monaotonicity, if we consider continucus functions,

Let f be a continuous function on the interval I; then f is injective on | if
and only if £ is strictly monotone on .

We have already mentioned the following theorem, that has been used to
state the continuity of the inverse functions y = log, x, y = arcsin x,
y = arccos x and y = arctan x.

Let the function f be continuous and invertible on the interval I then the
inverse function f~1 is continuous on the interval J = f(I).

Qianker ML

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 171 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 173 di 420

THECREW oF THE BEXVSTENCE oF LERoES

« £ oot oo lol el } - Bwna € (o)
= Flay-He)<O E{nay=0

LT

Fleyt

SR, T L S T NN

TEnere saxaiths o REGRE Ma

L =

£ ot e Lo w)
= F(a)l flbi=s = B e £ a6 CPE - N A=
* F o saencTuy wmomaGiIone ob Lol Cltel=0

FRPOOF bmosed on e BASECTAOR paET v
by divide e weketiod wo 2 powk S

ouvd Bookw oo Wioe proPertie®s of © o Bocks ek

winouc '."{'A_'_"n_"h‘rx'i. L I £ =T Y h-h-\r'...l'_\-'ve - i
ex Fla)- FlblaO

o cum uveieeogcall
BT F s dehined ox all rosec € wols. odi Loainfaasht

s o Looe wmouk D owe (oo o Flaah =0

13 =1 17 Pl =smow +1

<
5 = s defined  ooooo clOsad u ol
3_:[_._ = ECVCEM=0
3
Bur @ we € [-1,0])
;:‘ = | Flnad=0 Eecouie € s MNOT  COpTIfNOOWE
+ i e
=1 1 il
— -1

1‘}'E’U.,'D] O -

Tl Lo 70 (they e bobh pasdive of oo oe gosaie

,1'\

crEy
‘/ A wst [u. ,lﬂ.]
Fial

Elwal=0 eeroute Slod- Clel>o

W

P T S

TH. APPLICATLION 1

= F, g CoNT\NOSAS oo Lae]

« Elals =] (e Flad) > glod = due e Lo i) e oedo boeckon s omsash
=1
Flio) ” g (i) £} < glb) Elxa)= gine) 4 ST L T T -
+*
qln.\l FLE) s w5 DR AOTACIUIE
iy e g EEE BAIAGK By colO@tRne

o1 i gttﬂ ey sie % WabalBoue
! [
I e 2 »
. 4]

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 173 di 420




© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 175 di 420

TH. APPUCATION 3
A Polyrorrual foncgoesn ©oF  ODO degree odsl howe ok Geost one cenl Tem

'y "=
Baun (I:JL,_-JL P W, I o P I o)
>l T
::.n.nw”[“l*ﬂ—-'*" § A v Blgl, _4-_\
r ka3l
aun W ! e Mot H
I_171_
= ]
Ricn. oL
Wk oD
n oD - L N i 7 ] { aarO o L
AL sh [=e=m
r\—'t—a.::\-{g‘ﬁ?l.:; > - oy
s Fe ot (R) 1 2 Fwe € R Ha)= O

e Sureuk i NOWE datiereine Sughs |

2ac. Flwy= w® 4 2re® 44 Segeee =D Yodd = P rote Towe ok eost ooe me
l-'ﬂl-u-'i =0
= T SIULC R ?
- > etk By T e e = FL) is SAEACTLY ACRSEASVRNG
'K-.-j ShnCie R DI EERLRL g wa S AIRVGMNE

|
I e cosioae o S

.41
% + =% v Bl = vk
o T Flal) v =D
1 ElD) =1
- o Ve M#Li;\.vt
= e =0
ext  Fiwy= e Bl R ! deogree = Seodd Yeere in ook Rencit See e
L St -
Fis S ls Bl o wbucpe? We din't Enod
INTEErAEDIATE VALOE  THEOREERA 1 vERSion (wWeArx VoSN
* F comlinmuonS oo e, Coun | SOl SoTC@ERATG | Cueos e ctaoge of € 7
=7 £ ustumes ool dhe E'LL(J-,'I}“.

voalue % eeowueen. FPlod and Blb)

i)

Fia)

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 175 di 420




© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 177 di 420

€ Cotmouoos ot ouw. aniecyed 1

= ELLY s cuk e sebval

PREOGE
3 i n
Zo e L. 2. € EUD
L - L
(1) Lewmoase 2 & |2, z3)
Lot =l e oo poowe  Ehcat
e J5 0 o s T

Ty, E 1 Bt = Ta ] CocSadns E_w.,k.-;] l:u'-' | l‘“
-'J}(-l t l #L‘-\'L'l‘.!: Z.'L

| cuppiy e inkerroedeol® volue ehecctoo o Fow [.}L,, w2l
e I e L W T (s SRS T8

i poracoiog Sldso Bne wolwe T

¥ . & LTy Bt pooues bBeor L1 05 s etoy Gl

WEIEESTEALL THEOREM  [(FiRsST PARI)

F comdooous, o o insecval 1 ) = L) csvesED SoucrineED

1l ciosED BOunNnDED

Both condubens erust be Soeshed | Odheceste R Chaooson s Sk ooae

25 -
4 P i_'i;. B - (=v1) Eecomte | F e ol EorSnis
/ T fertiacs e nels | cus. oSG ST eonmn oot ety tard
. - 3 oS DI e et TS T
-4 S -} o
-1

(SEconD PART)
F oonTinudios o Lae) (dofed ond oeoredad
= = F s BooniteD o [oa])
* F oadrnds ore ATSOUITE paAXIBAGEA BA ccw b
AEECLAIE  pavkmiboea oo o e ]
l—‘ Bt Flotuy =t

Fx il = rn
o
kA b=

E

Flie)g
) ]

Fla) $

Lr“‘\. (Al -\I('Pl. ‘b

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 177 di 420




© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 179 di 420

Mathematical Analysis | (2013-2014)

Ditferential Caleulis 1 - The denvative =

Paolo Boieri

Dipartimento di Scienze Matematiche

Movember 2013

Ditference quotient - 1

If xg € dom f and f is defined in a neighbourhoad I.(xg). then for all
I.(xg) we define the following quantities:

a the increment of the independent variable between xp and x is the
difference h = Ax = x — x5

@ the increment of the dependent variable between xp and x is the
difference Af = f(x) — f(xg)

From the definitions we have that:
x=xp+h, f(x}_—.F{xu}—i—ﬂf.
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Other definitions

Definition. If f is differentiable at xg, the line

£'lay=rn

[y =t) = () + o) =), x€R]

is the tangent line to the graph of f at (xp, f(xg)). The derivative f'(xg)
is the slope of the tangent line.

Definition. If / C dom f and f is differentiable ¥x € | we say that f is
differentiable on [. The function

flidom ffFCR—=+R, Fixw—rF(x)
is called (first) derivative of f.

Maversizer 2013

Continuity and differentiability

Differentiability is " stronger” than continuity; in fact the following
theorem holds.

Let f be a functions defined in I(xa). If f is differentiable at xy, then f is
continuous at xg.

Proof: Textbook 4.1 page 169

Remarks.

@ The opposite implication is NOT true; we will see later examples of
functions continuous at a point, but non differentiable.

@ The contrapositive of this statement is
if f is not continuous at xg then f is not differentiable at xp.

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 181 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 183 di 420

Algebra of the derivatives

If the functions f and g are differentiable at x and &, 3 € B, then the

functions
F() £ &(c), af(x), af(x) + 5e(a). F()e(e) 1 if E(0) #0
are differentiable at x; and we have that
(F£g)(x) = f'(x0)*&'(x)
(erf ) (x0) = af'(x)

(af + 3g) (%) = of'(x)+ g (x)

(fg)(xo) = F(x0)g(x) + f(x)g'(x)

Algebra of the derivatives {continued)

X e o)

(g) (8) = P ((xa) #0)
N\ oy = F)a() — f(x)e'(x)

(g) () = (§00)° (g(x0) # 0)

If the function f(x) is differentiable at xy € R and the function g(y) is
differentiable at yg = f(xo), then the composition (g o f)(x) = g(f(x)) is
differentiable at xy and :

(g0 f)(x0) = &'(v)f'(x0) = &'(f(x0))f(x0)-

Penimsretas 21
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@ Compute the derivative of the function g(x) = arctan x.
o Setting v = f(x) = tanx, we have that f'(x) =1 + tan® x;
 since x = f }(y) = arctan y, applying the theorem we have that
1

— 14/ - - —
. fix) 1+tanix 1+ y?
We conclude that

1
¢
(arctanx) = e
@ In the same way we can prove that
1 ik
(arcsinx)' = ——,  (arccosx) = ——
V1= x2 V1 - x¢
L L
LA e # e
(log,x) = =, (inx)/ =

Mipparmbear M1 §

Table of elementary derivatives

Dx™ = ax® 1 Yac R

D sinx =cosx D cosx = —sinx

Dtanx=1+tan’x= ——
cos® x

Darcr;inxz; D arccosx = — -

D arctanx = 12
Dl =Hloga in particular, De* =¢*

: ; 1
D log, |x| = o in particular, D log|x| = -

ettt 20111
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Derivative and one-sided derivatives

Recalling the relations between limit and one-sided limits, we have that:

The function f is differentiable at xg if and only if f is differentiable on the
right and on the left at xg and the one-sided derivatives coincide:
F(x0) = £(x0) = £ (x0).

Mvemb-ae 2013

Examples - 1 '

@ Consider the function
1+x2 ifx<0

f =
(x) cosx ifx>0

It is continuous at the origin and

cosx — 1 i
£ = lim ———— =0and = |lim — =
w05 A T X
Then it is differentiable at xg and F'(0) = 0.
o Consider the function f(x) = |sinx| e xg = 0. Since
sin x —sinx
fi(0)= lim — =1and £ (0)= i = —1
0= % 5 ST ED= B S
we have that

fiij=1 e« Eih=-%

the function is differentiable on the right and on the left at 0, but the
one-sided derivatives do not coincide; then the function is not
differentiable at 0.

Mernrater S0LE L,
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Examples

@ The point x; = 0 is a point with vertical tangent for the function
fix) = Jx

o The point xp = 0 is a cusp point for the function f(x) = y/|x|.

@ The point xp = 1 is a corner point for the function

) = {(x—l)i’ if x <1

Inx ifx>1

@ The point xp = 2 is a corner point for the function

f(x}={m if x <2

x—2 if x> 2

Higher order derivatives - 1

If a function f is differentiable in /(xg), we can define its first derivative
f'(x) in I{xg).
Definition. If the limit of the difference quotient of the first derivative
PP gt
) = ()
X ==p X X = X
exists and is finite, we say that f is twice differentiable at x; and the

number p p
X =y X — X0

is called the second derivative of f at x.

Other symboals for the second derivative are y"'(xg), %i-;(xu}. D?f(xg).

Fegrrebinr 033
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@ If h(x) = sin x, then

W(x) =cosx, h'(x)=—sinx,
h"(x) = —cosx, h*)(x) = sinx.
o If h(x) = cosx, then
k'(x)=—sinx, Kk"(x)=—cosx,

K"(x) =sinx, k*)(x)= cosx.

Using the " loop property” of the first four derivatives, it is immediate to
compute higher order derivatives; for instance:

hh'ﬂ-}[x) = h"(X} — —sin X, k{55}{x] A I":W{X] e
Filay= St )= cosst

g X0 2570 M

The classes " and € ;

Definition. Let / be an open interval and f a function defined on /; we
say that £ € C"(/) if f is differentiable n times on ! and all the derivatives
%) are continuous on /, for k = 1,2,....n

Let [ be an open interval and f a function defined on [; we say that

f € C*=(1) if f is arbitrarily differentiable on / and all the derivatives f(¥)
are continuous on [, for k € R

Examples.
o Every polynomial function P(x) € C™(IR).
@ Every rational function belongs to the class C™ of its domain.
@ The exponential function, the sine and the cosine are in C™(R).

@ All the elementary functions defined so far are C™ of their domain
(excluding the endpoints of the domain for arcsine and arccosine).

Mlainmber 223
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Extrema and extremum points - 2

Remarks.

@ An analogous definition can be given for absolute minimum point,
absolute minimum, relative minimum point, relative minimum.

@ A minimum or maximum point shall be referred to generically as an
extremum point of f,

@ When the point xg is an end point of a closed interval we consider
only a right (or a left) neighbourhood in the definitions.

@ An absolute extremum point is also a local extremum paint; the
opposite is not true,

Nesenme X1

@ Consider the function f(x) = x? in the interval | = [-2,1].
@ The point x = —2 is the absolute maximum point (and then a local
maximum point);
a the point x = 0 is the absolute minimum point (and then a local
minimum point);
e the point x = 1 a local maximum point;
o f{—2) =4 is the global maximum, F(0) = 0 is the global minimum and
f(1) =1 is a local maximum.
o Consider the function f(x) = M(x) in the interval | = [0,3/2].
@ The points x = 0 and x = 1 are global (and local) minimum points;
the global minimum is 0 = M(0) = M(1);
o the point x = 3/2 is a local maximum point and 1/2 = M(3/2) a local
maximum;
o there is no global maximum point.

Fesmibar 208
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Maonotonicity and sign of the derivative - First part

If f is differentiable on an open interval | and it is increasing in | then
fi{x)=0, ¥xel.

Remark. The strongest form of this statement, i.e. the proposition

"If f is differentiable on an open interval | and it is strictly increasing in /
then f'(x) > 0, ¥x € [" is not correct.

For instance, the function f(x) = x? is strictly increasing on R, but its
derivative f'(x) = 3x? is NOT strictly positive on R.

MNeprbe 235

Rolle’s theorem

Let f be a function defined in closed and bounded interval [a, b] and
suppose that
o f is continuous on [a, b];
o f is differentiable on (a, b);
e f(a) = f(b).
then Ixp € (a,b) : F(x)=10
—

Proof: Textbook Paragraph 6.5, page 181

fiogpanybee L7
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Monotonicity and sign of the derivative - Second part

Let f be a differentiable function on the open interval I; then
f is constant < f'(x) =0, ¥xe /.

Proof: Textbook Paragraph 6.6 page 185

Let f be a differentiable function on the open interval | then
f'(x) =0, ¥x &l = f is increasing in |.
In the same hypotheses,
f'(x) = 0, ¥x € | = f is strictly increasing in |.
Analogous results hold for f'(x) < 0 and f'(x) < 0.
= .

Proof: Textbook Paragraph 6.7 page 185

Classification of critical points

Let f be a differentiable function on the open interval | and let xa €1 a
critical point for f.
o Iff'(x) = 0in I (xp) and f'(x) < 0in I;"(x)

- o Is a local maximum point for f
o IfFF(x) <0 in I (x0) and F(x) >0 in I} (x)

=4 xp i a local minimum point for f

Rt iardui 1L
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Remark. £

If # lim fifx) it is NOT true that J lim 'F[“}.
Xy g"{x} P g{;r)

Example.

We compute the limit

lim 2x +sinx i x(2+&?c_‘x)_2
x—++00 3x — COSX  x—rtou x(g_% S

If we compute the derivatives and the limit of their quotient, we have

24+ cosx

lim:, —— that does not exist.
x—++oc 3+ sinx

Some important fimits - 1

4

lim — =4oa, YaecR

X—b+00 xO

@ If & < 0 it is obvious (the limit is not an indeterminate form).

e lfa=1
: e* Hép . e"
lim — = Im — =+4co
x40 X x=+oo 1
alfx>0
, e* : exle Y 1 &
lim — = lim —_— ] =—| lim =] =400
x—+oo x®  x—rtoo ﬂr-x'f'n a® \y—r+oo ¥

Remark. The same result holds for

lim — =400, Vaz1l, VacR

Mmegeper J0 LY
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Indeterminate forms of exponential type - 1

The function h(x) = F(x)8>)
@ is defined in A= {x e R: f(x) > 0};
@ is defined when f(x) = 0 and g(x) # 0; in these points h{x) = 0;
@ in A we have:
h(x) = F(x)E0) = 8lx}Inflx)

Then if f and g are defined in /() \, {7} with f{x) = 0 and they admit a
limit as x — =, we have that

K=y

lim f(x)8) = Jim exp (g(x) log (x))

= exp ( lim g(x) log r(x]) :

Indeterminate forms of exponential type - 2

In erder to study the possible indeterminate forms of exponential type, we
study the possible indeterminate forms of the product g{x) log f(x):

@ g(x) — oo and In f(x) — 0; this happens when f(x) — 1, we have
the indeterminate form
lm
@ g(x)— 0 and Inf(x) — oo; we distinguish two cases
e g(x) —+ 0 and f(x) — oo; we have the indeterminate form

oc?
@ g(x) —»0and f(x) — 0-+; we have the indeterminate form

uﬂ

Remark. In the other cases, the limit can be computed immediately. For
instance: if f(x) — +o0 and g(x) — —oo, we have that g(x) log f(x) is of
the form (—oc) - (+00) = —ac, then F(x)8*) 5 0,
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@ The hypothesis " f continuous in [{xp)" is necessary! Consider the
following example

x—1 ifx<0
fix)=1¢0O ifx<0
x+1 ifx<0

is NOT differentiable at x = 0, since it is not continuous.

The derivative is f'(x) = 1, ¥x # 0 and then limy_,, f'(x) = 1; if
we apply the theorem (and we forget checking the continuity) we get
the wrong conclusion that f/(0) = 1.

We consider the function

2 . _1__ 3
F(x) = x°sin ¢ TF"#G
0 ifx#0

@ The function is continuous in R.
o It is differentiable if x # 0 (as composition of differentiable functions)
and its derivative is

1 1
fl(x) = 2xsin— —cos—, if
(x) xsin — —cos—, i x#0
@ |t is differentiable at zero, since

. . o
lim —= = lim xsin= =0,
x—0 X 2= x

@ The derivative at zero is NOT the limit of the derivative (the limit of
the derivative does not exist).

fetmarbec 2013
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Mathematical Analysis | (2013-2014)

Differential Calculus 3 - Convexitys

Paclo Boieri

Dipartimento di Scienze Matematiche

Movember 2013

Convexity and concavity at a point

Let f be differentiable at x and let y = t(x) = f(xp) + f'(x0)(x — x0) be
the equation of the tangent line to the graph of f at xy.

Definition. The function f differentiable at xy is convex at xg if
A(x) C dom f such that

¥x € l(x), fi(x) > t(x)
We say that f is strictly convex if f(x) > t(x) for x # xp (in /.(xg).

Definition. The function f differentiable at x; is concave at x if
J(xa) € dom f such that

vx € I(x), f(x)<t(x)
We say that f is strictly concave if f(x) < t(x) for x # xp (in I(x0).

Definition. If f is differentiable on / (open interval in ) we say that f is
convex on [ if it is convex for all x /.
Analogous definition for £ is convex on [ .
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Inflection points - Properties

Let f be twice differentiable on I.(xp):
® xp is an inflection point for f = f"(xp) = 0

o f"(xg) =0 and " has different signs for x > xp and x < xg = Xp
is an inflection point.

Remark. The condition f"{xg) = 0 is not sufficient to say that xp is an
inflection point. As an example, consider the function f(x) = x*.
@ Since f'(x) = 4x* and f"(x) = 12x2, we have that f"(0) = 0.
@ But x5 = 0 is not an inflection point for f but it is an absolute
minimum point.
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Landau's symbols - 2 :

Remarks.
@ It is possible to define another Landau’s symbol (not used in this
course).

IF\ = I € R, we say that f is controlled by g for x - %;

f=0(g), x4
read as “f is big-o of g".

e We did not give a definition for A infinite; since when f /g — oo we
have that g/f — 0, we say that

If A = oo, we say that g is negligible with respect to f for x — 4, i.e.

& =olf B b o .

MNavemow 201N

Landau’s symbols - 3

@ From the definitions it is immediate to see that f ~ g is a particular
caseof f =g e Frog=—f=g
@ The opposite is not true; but since
f(x)

- - iy e
g tin L1205 i 20

= l=pfrle

we have that =g =—3/#0 such that f ~ [g.

@ We have that
f is infinitesimal < f = o(1).

F(x)

In fact
F=e(l), x> <+

lim
X=hy
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Comparison of infinite functions

A function f is said to be infinite at ~ if lim,_,., f(x) = co.

Definition
Let f and g be two infinite functions at .
o If f = g for x — ~, then f and g are said to be infinite of the same
order;
o If f = ofg) for x = =, then f is called infinite of smaller order
than g; ex'=>% = afxtl
a If g = o[f) for x — v, then f is called infinite of bigger order than
g; LA =L -] 1['_‘::5{1'3‘
@ If none of the above are satisfied, the infinite functions f and g are
said non-comparable.

omardmes 118

Infinite functions at +x

The functions f(x) = x* (a > 0) are infinite at +oc.
oy

A
If ay = arp > 0, we have that lim —( = +oo .
. X X E
Then a power function with a lower exponent is negligible with respect to
a power function with a higher exponent.
It is natural to classify the behaviour at +oo of these functions according

to the exponent: the higher is the exponent, the higher is the order.

For other infinite functions at +oc we introduce the following definition:

An infinite function at oo is said to be an infinite nf'_{_feal} order « if
there exists a real number | # 0 such that
f oo 5™ (fﬂr X = +DOJ. of g alF)

FH‘ ok e alg)
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Order and principal part

In order to classify the infinite functions at +oc we introduce a test
function ((x) = x) and we compare the other functions with the powers
of this test function. This can be done for infinite functions (and
infinitesimal functions) at all points.

Then we can give the general definition.

Let  be the infinitesimal (resp. infinite) test function at 7.
If Jo > 0, 3/ # O such that  f ~ f®  for x — ¥ then:
o the positive number « is called the order of f at  with respect to
the infinitesimal [msp. mﬁmte] test function .
o the function w*(x) is Eallied principal part of the mﬁmbesmml (resp.
infinite) with respect to the infinitesimal (resp. infinite) test function
P,

Rhyvdariber ZE0Y

Infinite test function

The choice of a test function is arbitrary; usually the following functions
are used as test functions:

@ 7 =+00 w(x) = x,
*p=—o0l - wlx)= .

S 4=0F, . s o=
1
o y=0- w(x) =
1
@ v=xp+ X : LssD
)= B
1 1

- ] '}" = Xp — E‘!:' X)= - |
) X —x |x—xl
In particular, when we are interested in integer powers only we can use
® v=toc wlx)=x

ev=0 wix) =3

e ¥ =x plx) = 2=
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Some properties of Landau's symbols - 1

HAER\{D} forx-wy.whmthat
~a) o(Af) = Ao(F) = off)
b) F~g <+ f=g+o(g)

Proof.
o a) Suppose that g = o(Af), x — ~. Then
&(x)
=o(Af) ;!ﬂ'y ) =0
[ L |'Jt
g(x)

= i-ﬂ )
= =o(f), x =7

Some properties of Landau's symbals - 2

o b) We have that

~ im l"(_xl = im f(x) —1=
g > *!—-'-'r %) R :!—.-r 50 1=0
= ,!l_rﬂ tx}g{;?r(xj 0 = fFf—g=o0lg)

= f=pg+o(g).
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2o
: sin” 2x :
We compute [ = lim —— . Since
x=0 1 —cosdx

@sin2x ~ (2x)?, x—=0 ie. sin®2x~4x?, x—=0

.1—c0531~%(3x)2, x—=0 ie 1—c053x~§x2, x—0

we have that
. 4x* B
L = |In'|

T
x—+0 X g

Elimination of negligible summands

The second property allows us to ignore negligible summands with respect
to others within one factor.

[ fi = o(f) and g1 = o(g) for x — c then

gl +al) g’
lim (£(x) + () (8(x) +g’=_txj)_ = lim () 8(x) .

Mowgnber 2017
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Algebra of little-o's

The Landau's symbols allow us to simplify formulas when studying limits.
We consider here the most important case: the limit for x — 0. All the
following properties, which define a special "algebra of little o's” can be
extended to x — x, substituting x — xp to x.

o(x") + o(x") = o(x");

o(x") £ o(x™) = o(xP); where p = min(n, m);
o(Ax") = Ao(x") = o(x"), YA ER\ {0};
w(x)o(x") = o(x")  if @ is bounded in /.(0);
xMo(x") = o(x™+7);

o(x™)o(x") = o{x™*");

[o(x")}* = o(x*").

Wty 30714
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Taylor formula with Peano’s remainder: the general case

In general, we have the following fundamental result.

Theorem {Taylor formula with Peano's remainder)

If f in n times differentiable at xp, then there is one and only one
polynomial Tf, .,(x) such that

f(x) = Thhx(x)+o((x—%)"), x—x

with
Thaa(x) = £00) +(0)(x = 30) -+ = xo)(x ~ o)’
n k)
i kzﬂ k(;cﬂ]{x = m}k

@ Tf,.(x) is the Taylor polynomial of f at x; of degree n
@ if xg =0, Tf,0(x) is the McLaurin polynomial of f of degree n

Mawmper 103

Uniqueness of the Taylor polynomial

As stated in the previous theorem, the Taylor polynomial is unique. In
more precise terms:

Theorem
If
o f:(a,b) —+ R is differentiable n times at xy € (a, b)
@ there exists a polynomial P,(x) of degree < n such that

f(x) = Pa(x) +o((x—x)"), x—x

then Pu(x) = Th(x) -

hiywenher 2013
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Examples ~ 2

We compute the Taylor polynomial of f(x) =5 — 2x 4+ 3x* + x* at xp = 1,
using the definition.

Since

f'(x) = -2+ 6x +4x>, f"(x) =6+ 12x2,

F"(x) = 24x, ¥ (x) = 24, f(x) =0, Yn>4
and

f(1) =7, #[1) =8, (1) =18,

f"(1)=24, fY1)=24, F1)=0,Vn>4
we have that
Thplx)=7

Tho(x)=7+8(x—1)
Tholx)=74+8(x—1)+9(x—1)?
Tho(x) =7+ 8(x — 1) + 9(x — 1) + 4(x — 1)°

Examples - 2 {continued)

The Taylor polynomial of degree 4 is
Thopa(x) =7+ 8(x — 1)+ 9(x — 12+ 4(x — 1)* + (x — 1)*,

It is easy to check that this polynomial equals f(x) for all x € R; simply it
is written using powers of (x — 1) instead of powers of x.
Also in this case we have that

Th(x) = Thxy(x), Vn>4, ¥xc R
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The logarithmic function - 2

We compute the Maclaurin polynomial of f(x) = In(1 + x) of order n
Since

o L o 2 4 n”" of(y-1)"), y—+1

with the substitution y = 1 + x, we get

In(l+x) = x_)_(;'!+"'+(—1:]"_1x—"+o{x"}

= Z( 1)“ +G{:«"’], x—+0

k=1

Trigonometric functions - 1

We compute the Maclaurin polynomial of f(x) = sin x of order n.
Since the function is odd, the expansion contains odd powers only. Since
f'(x) = cosx, f"(x) = — cos x
and, in general, for all integer k
f[2k+1}|(x) = (_Ilkmx, fl[zk-l—l}{n] i (_l]k
Then, if n=2m42,

] X3 XE e x2m+1
sinx = X——+——-*-+[-1} m

31 5 iy
2k+1
Z(— }*[QHH,:, o(x*™2%), x50

Movember X
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Power functions - 2

We compute the McLaurin polynomial of f(x) = (1 + x)® of order n (with

e € B). Since
filx) = a(l+x)*7,
F(x) = ala-1)1+x)*2,
f"(x) = ala—-1)(a-2)(1+x)*3
FR)(x) = afa—1)...(a—k+1)(1 + x)**
fik)(0) _ ola—1)-(a—k+1) fo
s k! 9 (k)'

Power functions - 3

Then we have the general formula:

-1
(L+x)* = 1+&x+%x2+-u+ (:)x"+ o(x")

= i (:)x" +o(x"), x—0

k=0

Remark. This formula in useful for o € B\ Z; when a € @ it is not
necessary to use it, since

@ if & € M the function f{x) = (1 + x)® is a polynomial.
o If @ = —1 we obtained the expansion with a different method.

o If o is integer and < —1, we will get the expansion using the
possibility of differentiating Taylor pelynomial

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 267 di 420



© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del CENTRO APPUNTI - Corso Luigi Einaudi, 55 - Torino / Pagina 269 di 420

Some important MclLaurin expansions - 2

{1+X}n=1+ax+Mx2+.r.+ (i)x".'_o{xn)

2
= =1—x—|—xz—r~+{—1}"x"+o[x“]
14+x
\f1+x=1+3x—1x2+ix3+o{x-")
2 8 16 :

First and second finite increment formula - 1

o If f(x) is differentiable at xp we can write the Taylor formula (with
Peano's remainder) of order one, that is also called first formula of
the finite increment:

f(x) = f(x0) + F'(20)(x — x0) + o(x — xp).

@ We already know that, if f is differentiable in an interval /, the
second formula of the finite increment holds: for all x € | there
exists a point ¢ such that

Flx) = Fl0) + F(0)(x = x)

) \
FLmy = Flpa Lk

Aty

These formulas state that:
the increment of the function Af = f(x) — f(x) is proportional
to the increment of the variable Ax = x — xp.
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Mathematical Analysis | (2013-2014)

Loeal camparison 3 - Applications of Tavlor's formula

Paoclo Boieri

Dipartimento di Scienze Matematiche

Movember 2013

Taylor expansion and algebraic operations

We suppose xp = 0; substituting x — xp to x, analogous results are
obtained for Taylor's polynomial centered at xp.

Consider the McLaurin expansions of the functions f and g:
F(x) = a0 + a1x + ... + 3nx" + 0(x") = py(x) + o(x"),
g(x) = by + bix + ... + bpx” + 0(x") = qa(x) + o(x")

We study how to write the Taylor expansion of the sum, difference,
product and quotient of the two functions.

November 1013
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Quotient - 1

@ First method.
Suppose that
f(x) = palx) + o(x"),
g(x) = an(x) + o(x7), with  g(0) #0,
and set ()

This expansion of the quotient can be computed as a division with
the increasing powers method (see the next example).

We compute the third order McLaurin polynomial of h(x) = tan x.
2

3
Since sinx = x — % +o(x®) e cosx=1- %— + o(x?); dividing

x—§+a(x3] l—x—:+o[x3)
x—g + o(x?) x—l—g—l—n(ﬂ)
%3 +o(x7)
x; + o(x%)
o(x%)

3
Then tanx = x + 13- + o(x*).

esem e 0L
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Composition of functions - 1

We study how to find the Taylor polynomial of the compesition g{f(x));
we suppose that

F(x) ax + ... + apx" + o(x"), x — 0,
g(x) bo+ b1y + ... + bay" + o(y") y =0,
g(x) = bp+biy+...+ byy"+y"0(1), y —0.

Substituting ¥ = f(x) in the expansion of g, we have

h(x) = g(f(x)) = .

= by + buf(x) + b2(f(x))" + ... + ba(F(x))" + 0 ((x))") =

= b+ byf(x) + ba(F(x))* + . + ba(F(x))" + 0 (F(x)") (1) =
= by + byf(x) + ba(F(x))* + .. + Ba(F(x))" + 0 (F(x)") o(1)

Composition of functions - 2

o If ay # 0, then (f(x))" = (a1%)" + o(x") and then
(F(x))"o(1) = o(x")  x—0.
Developing (f{x})* (1 < k < n) with respect to x up to the order n,
we obtain the expansion of g(f(x)).
elfay=am=...=ay31=0and anh #0, then
(f{x}}" = alx™ 4 o(x™) and (f(x))"o(1) = o(x™) x = 0.
Developing (f{x})k (1 < k < n) with respect to x up to the order
mn, we obtain the expansion of g(f(x)).
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Order and principal part

Suppose that the function f is differentiable n times at xp and that its
Taylor expansion of order n at xp is

f(x) = a0 + a1(x — x0) + ... + 2n(x — x0)" + o((x — %))
If there exists an integer m (1 < m < n) such that
Be=a) . gy =10, and an, #0

then
F(x) = am(x — x0)™ + o((x — x0)™) .
Dividing by an(x — xp)™ and computing the limit, we have that:

@ the function p(x) = am(x — %)™ is the principal part of f with
respect to the infinitesimal test function ¢(x) =x — x

@ f(x) is an infinitesimal of order m with respect to the infinitesimal
test function (x) =x—xg .

Local behaviour

Suppose that the function f is differentiable n times at xg and that its
Taylor expansion of order n at xp is

f[x]:au—l-al(x—m]+az{x—~xu]2—|—...+o((x—xn)"), X —+ Xy,

then
flxo) =20, F'(x0) = a1, f'(x0) =22,... ,FV(x) = nla,.

If £, £',f" are continuous in a neighbourhood of xp and ag, a1, a2 do not
vanish, then (sign and limit theorem) the signs of ag, a; and a; coincide
with the signs of f(x), f'(x) and f’(x) in a neighbourhood of xp.

Then, analyzing the signs of a5, a,, a, we can determine the sign, the
local monotonicity and the convexity of f(x) in a neighbourhood of xp.

Ntz 2018
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Classification of points where f” vanishes

Theorem

If

o f is differentiable n times (n > 3) at xg
@ there exists m e M such that 3 < m < n and

then
i) If m is odd, then xy is an inflection point;
ii) if m is even, then xy is not an inflection point.

Monember 2013
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Mathematical Analysis | (2013-2014)

Lacal camparison 4 - Asymptotes

Paclo Boieri

Dipartimento di Scienze Matematiche

MNovember 2013

Asymptotic functions - 1

Definition. The function f is called asymptotic to a function g for
x =+ oo if

Jim f(x)—g(x)=0.

A similar definition for x —+ —o0. Using Landau’s symbols, g and g are
asymptotic for x — +oo if

f—g=o(l), ie f=g+o(1), (x—= +o0).

Examples.
@ The function f(x) = x* + % and g(x) = x* + ;13 are asymptotic for
x = 400,
@ The function f(x) = e 4+ e and g(x) = e™* are asymptotic for
X = —0a.
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The coefficients m and ¢

Ify = mx+ q is a right asymptote for f, then

m=lim %ﬂ and q=xETm{f{x}—nm}

X—p400
In fact
0 = lim it B lim f{_x - lim —— i 9
x—++o0 X Xx—+too X Koo X x—btoo X
fi
= li F(—x)- -—m = m= lim _if:.r
X—400 X x—+too X
and
i —_— -— = — IL f —
x—I:Tm (Fx)-mx—g)=0 = ¢ x_:rrm( (x) — mx)

Examples

@ The function f(x) = V1 + x? has the right oblique asymptote y = x
and the left obligue asymptote y = —x.

@ The function f(x) = x + +/x has no right asymptotes.

o The function f{x) = 2x — arctan x> the right oblique asymptote

Yy=2x- g' and the left oblique asymptote y =2x + g
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