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4 manzs 2010
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Come rificare se . un sistema dy generorau. ¢ Pneatmente mol«pendwe

) n; =0y Se im Am Sistoma un wliowe € nuMe, olloe « wHou rom Somc

s;wwme/wte Qynreom%m, .'md;péndenn:. D2 A .},
n) #OV ' K n}'zéx(/\):) _._, 3(2/ Q'\J‘ — NN SO Gnearmente Md..,p{’/nd.ﬂwh
‘ : Gi -+ " Nv'x /) " M ’T\ r’-’ - %T}-,/

N’z ¢al°( ,) _ pmoce@.m uenm pen. lelione :

& 3.i+4./.fu;”-' E‘af(n)‘;,.arz,...‘,/\)’,-,)).._.,.mom sono. &necsumente  indk proclewb
s Wy @ Ll W) o Somo GineaTmente indipencd
Dimostraziore

QN + ... + 0N+ = Wy + Oy + .
Sappov»so pe;u. assundo che Samo . QmeOMnenfo dA.f’emoleh-h - 3&,,, Qz,

T mulb. fa«hdt aw'mm« mUo e | SUCCESSIVL. MUl

; Qmy Mmon

044-4 'u;.-u = 04’”-4 "azm-z —q;ﬂ'
N, = -9_4__")_-1_; oaer .qi""- m.sue&a che. n)';,': € cowbirazioue Eneorta
Qe - - G4y

chax pneuadewh — assuds (c,onfro I':pol‘éxx)

@ S uno smao U@.ﬂwaﬂz 3 aemert.oﬁo de. velIo‘u. J&meofumwxe molﬁp«w.denh .
© Oltw. due whou apontemenk alle spazio wtoroe e Limearmente d.;pe/ndﬂm.&.
mom n possouo. essew genenaon dn.u.o steseo SPQZ..O veliovale. .
es. '(4;4;5') . (2,-1,4)
. (0,3,2) = a(4,4,3) +b(2 -4,4)

1€ tergo elewewro & combiuazioue
- Emecne dai prirm diue - Scuw. Gneclu.

‘0_=_a_+;b‘ Lo O 3+">b 5 b~—l | ‘ | iuéueeude@ Solf;.' pnw...duz.
.3=0G6~b . a=3+b - Q-—Z
2= 3c+4b 2=-3+%
?(x)_.

3a€ R/3 O.E V'x.éR 7 .., somo. €imecoumente :Wd&p%déf\ﬁ.
& Hmex
. ghg=senx.
h(x)= wsz
Ja€R [ seox = ax.
% o 00 QX — 0o o ,
S K:  corm| & ﬁumz.m\e oot ,—* X e senx .Qéneormenfe‘;ndapendef\t‘c
SX = Gxrbsemx % @20 impossibile (aym ax 00, cosx Gmital)
,-_A_L'Coésfts{ L o K s 0z0 (osx=bsemx bzl wnco ceso pasb&)

ccs 2:.Sen'r.

Gseno mPimib wlu per wi mon 2 WA ook
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Toeuclta Lo spuzio wltounle vieme desculto olliaXtse Condizioms quultoste  che
oltrauetse wn sisteno. di 3%@:,&:0\4,.
es. {(x,,g,i) € R"’/ X+ 4= 2}
Noi soppiomo Ancwswe 2o base o umo Spaz.c veltouale Solo se omoscame sm
S5teme. ok 9eme/uwtcm fuimdi. Quento abbieme umo. comdizione , krowame
prwmo. g 8mem,tw poi o bose

Sa date V =d(n5, 03, ..., Nm).
Comosciame sgeme/\.o.albu cenchiomo o bone : vedkamo se sono Enecnmente indipend.

_ o,
N:={ v ?—lbase

£0, | ; {6 fm‘) ¢bu>e

g L(w,)

S petcte R'amsiome i ®Hon  mimomtlo 4 wllow Mmue e i wRou che

Mo comb;maz:.m‘ me d& {umcedemt;. T A O

— S ollieme um sistemmc di RO dh e MESSUNO dipende Emecurmente duac pucedent.

@ LQ C&mce&az.fme L un UdIou. cf'e e. uc-'m.b Mazione Mecuu d& f;w,edemt mown

oo lo propicts del sistema di gemercvw o spazo vellovale .

DimosTraziore.

Sa  ,, = b+ by +... 4 by

N = Q4N'4+d'2ﬂfz+ e FOUNTF QL VLT Lt BV,

Mz QN5+ 0,5+ ... + QAL+ &, (bvathvy+...+BA%) + .+ amii

N = QN7+ Qs + .+ QA% + L, bV, + O by + .+ b+ v,
'(Q4+ Ly b«:) N, * (Az+ﬂz+4h)n& ...t Qnvm.

I whow wi,, Mmom mpone gl perche’ & sTaks Sostituito da wma Gombimazieme

bmeane che R’ Coﬁ;s,mde.

es. € = R_spozio = of("&,ﬂfzm&iﬂ&)
v, = (4,0)
% = (i)
V= (=4, 2)
W = (20-4, 3i+4)
=N R/ (LA)=a(4i) mo o Men, wmo R 4.
Ja beR/ (-4,20) = o (4,) +b(L, 4)
{-4=o.+bl. L {-L; ai-b

Z.b Q.\.A-b' ZL;Q;-\'b

n

L=?.O-b - 0-=:'—i . b¢ R_) n&,nfz'ﬂf},.'c.i
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5 4 Dmosties Re £ (2.4) @af(ez,23) & Somma dielia, lRa
S W, N W, = {o} . | N
W, =L(2) = &£ (1100) o M= d(d‘ 0) = ( ‘ob)
v\);_'-_- f(ez,e,,)-of((om) (004)) - nr ‘)(040)4-(_(00 —1) obc)
Va bc (2%0,0) # (0,b,€) puuck” a#0,bio, cF0 par R
o W nv\r-{o} (©0,0). Inolire &, e;,e; sono e iefton 255 e

CES2 an \remsou%pozo";».:'
‘ R ‘,‘..O\';- VJ-AN- . . . . Lo .
-G E Wi, e g € WinW; D pianz) e winwg
;m;_,q4u)7+azu,rz ot Oy = bbbty bty L
T e e S
Lebﬁr, e O E'V\{Z' S S

f'?w,'

'Nj,-r‘ pe/uo.c € Sicwtow euke o.u.’ mmﬁez.cm

- oan e W;n‘w’,'_ puch;‘ WWb} g n5ieui Sole chiUSi isp. prodolro

£ 3 Uwr \1— e um sdr.ospo,z.o S NO.
| Oy € Wuw, . v
| .: ﬁ .—. .nr -.A,nr+a,_nr+ L+ Qalm € W, ;.(m_-‘_m_‘é W;UUZ
= b w;szw'z .»..,+baw' e W, . .~ ,‘ |
‘ ﬁ (M‘-rm") = QNG+ ... +Qp N+ b, W, +b_<,u,j |
.mom mecesswuame.mke, N'+/U"é WUWz (noneChUSGmSPnMScwm)
| conmesew.o . ,-.(m,g) , z'é(fffgb) - .w.'+w' (o ) ¢ wTV ;.

k54 C&wnf)uzzwm Lo coppie Ok Sdl‘.oSpqz. ABPmCPm. .(?n ,Qow Aimioma 50 m soRospazio
: . “f s ¥//+ -\; pr

.....

m ot zmmmenf‘e,;mmmnu g, W

- m gwératoai : qJ;_, N’m; (m (mdotro.) <m con AOmei'odo d.v.ga sowvh)
M : e Qu Q.- Yam .M m89e QmecuwenTe .ndn.pehd.
. - e R Lt LT A AT mam
0m;| b es b oms Om‘m . , m CQ%“‘"Q o

- :h" 8%&roxoti. > .b° Vello, Ameatmente indipendentt
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R . o
: S [ b

N},N;_:‘ : /\)7,,, ?%mwtw e U

Wi, W, ..., Wa ,Qmeo.nfm%te, .nwpemdent

M sm

DimOstraziong N
) A B (Ria CRR)
Come Rl Lomomge 2l
u) A m msﬂg 2. ,.) _'.,ﬁ B.(m nughe L. ,‘.)

< cobomme - eg,tEDdo m.clolxa, m’ mgﬁe m* (clonne

ul)mvdtm;llbm(aenm;

‘m»?,‘m, .
- [ & —i - " ¥ J ‘ P
- COROLLARIC | |
Supporiome (W3, 0, .., Wan) € (W5, Wh, ..., W) bosi di nc spazio welfouale.

Aeeow./\mmlm7m»‘~>m,an~“. _
Tuhte. 29, mb.. i e spo.z.o ueu'.ou.c.ea th'to/m?/nte ﬁem@wtc ﬂaomm& ,Zc stesso
ow . Amdip bane
Del: Dmens.ore di o spa.z.o &eﬁfouo.lb. \/_ d*nm\r \ -
. m’ 9@\&0):0% épo.z.c vV bune

Infaktc - | ‘
‘ .mufm@l.o mww.m\o . emmou pexz, otx.ene./w qx.uz.uo 5Paz.o uerou.o.Qx.

A.‘ BAsE = | .

T |esistewa, . rmassimmo. di weow. Limecutmente m&p%dm
i (ognu. wehone . aggivnto € - ombincz.cre lneane dix pucedaws. | A ¢
.ms.eme i uelum Quneu,wem-e md‘.pendehh ol cwz,d.uno.&ca nnqss"mw £

es. r(4,4,4), w(4,-4,0), (o2, 4) ,4:2 )
'123,,, B= (24,22,25)_.@;%@ =3

£ ampossibie cRe R> sia gomenako doi b4 veltow MWz k pEACJu.

AL ovo mummero ou.Pexz.a, Lo diomemsions dalo spazic

pen 8o stessc motio € estluso cRe siamo Atk ,&mewvmenfe moupemdmt
.  Olmeno umo £ wmbimozione Limeara de tre. b .
L L . Q+
S W=Ewwtz) R TabER/ (0,2,-4) = & (4,4,4) +b(4,-4,0) {z. a-b. { 2= -2 ¢
. A Lo . Lo a o=-1.

- =
<

ot

dmwWzdmR*=3 . N L
Dato e Z#L(v,w), tsoncl sowtamente k=L (o, W 2) prche €

d qu
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Lo somma, di scltospaz € soltospuzo.

Wi, W, eV
Gomsideniame (Wi +Wj)e V- -0€ (Wi+W3) : 0+0
wi+Ww, o
* - (Waeug) e (Wi ug) = (whews') + (wyeug')
——— ——
Ewy €W,

- a(wi+w;) = ouy + Quj .

le. base deRlo spuzio sommmas mon & sempne Z'umiome dilie base

. R*  wi,wp cR® | |
V\Cs g(x,xd'z) / X+ M= z} (xx,x+y)= x (4,0 4)+ y(o ,4)
_ v ’“’
V\,};= {(7‘.13,2)/ X-M= l‘} (x, 4, x-y) = X(4 4) + y(oa -4)
o . w; -‘ww_z
Cescuvene Wi+ W,
(o + 4n3) + (B Juz) = o (V3,5 0%, w3)
il sistewa cmmpostc da 4 dementc £ am sistemc, i gemewkou
ma mom € uma bore pehe’ Re 4 dlements ed £ o R3 (i = 3)~
(¢,1,-4) = ‘a(4,04) +b(c,4,4)

-4=a+b ~4=4

e WnwW# ¢

o= 0=q ‘ . 3
4=b 4xb F o b oe e (0 0,ur) o WitW, =R

Im  afeuwe cort  BUB, =B ;
Oy — = v
Qaumdi . o comdizione date stote im W, N WE { } ﬁ 03" ﬂz

# {Ov} - o base non € unicne dulle bas.

Dmosfraz.one

@ = base dek sobtospazio Somvma dinellos

(vy, v, - “"n.) = @4 (QuVy + QM3 + ... + Qe Wr) € W,
(uf«,ufz, ﬁz (b u)‘,,-i»b e +buk) € W
, , A

(G vy + QN5 + ... +anrv:..) + (b4.u:;+ byw; +... + bsug) =0
(Qvy+on; +... + O,‘!U‘:;) .-.fb,)jw; v+,('b2)u‘§ +... +(-bs)ug questo e\emem'o .

e , - W NW,,
ew, | EW,

Ma questo W Contro €lipoten: per wie Wi Wa= {0 } PUT Cui Tisula

(Q,”\);-PQZN'} +... + an}-‘,‘) = ("b_)ur_"" ("bz)wz + .., ('b_f,)u}; O/\I FRRTETN S

_;Q":Qz:...‘:dm:b,zbl:...=b$;=0
— | sistemi i gwm di Wi e W, smo &mewumente indipendent q,u.mda.
wshtuwsore ume base e dim (N:,+ \IJ;) = N+S.
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‘ 8 rarze 2010
MATRICE_RIOOTTA  PER RIGHE : presentas element non nulli e sobto [t zeri (%1, speciale”)

Por aumo matnice qualunque > fommc operazioni che fa sUmplgicRime- egna Cche mom ma
ambimo fo. dimensiome -, S @tca umna matre tdolios.
,z°‘ (Ri, Ry, -, Ryn)
R Rj  umemsicre o due tighe .,f(czz,ea,m, .., Rm)
@ RizaR o cre — L(Ry Ry, o, aR, e, Rew) € X (Ra, Ry, o) Rim)
¢ dato de ¢ andhe Ri =2 (aR) .,f(ad,nz,..., o, Run) € (R R,, ..., QRL,
@ R, — R, +QR) Locen o L4 L(ry, ..., Ri+ORj, ..., Rmn)
L
ch diReRi o SL(R,Rs, -, Rom)
vceverses Ry = (Ri+aRj)-ARj  quindi L(R(,Ra,-..,Rm) & L(Ry, .., Ri+aR;, ..., Ron)

Rim)

ey

es. 42 4) Ry™R;Ry (4 2 4 Ry—R3-R, [4.2 4 o
2-40)] — |2.-40) —— [(2-40])  p=3
3 3 4 2 4.0 o 2.0
e de B B
R4 a,.,#0 R R, - ’Q_ZE-R"
) Q_‘L.( @
iy -Qa-L =0
[ &) sl fa ?
O
es. [ 345 Ry R~2R ., (42 9 3 15| RRyR /42 4 3 15
2-433 Ry 3Ry 5 —— (40 -5 15 15| ——|-2 -4 2 0
425 4 R, 4 5R, RaR, \-4 2 s 14 -4 2 5 4
WETGZOR T R, 415k,
es. fa 04 222 B4R +R
222 — 14014 cpuraziore 4
344 344,

(-«7 9 3 45)
. . -2 -1 2 0
2(0, vy, ;) o -2} 24 32 ©

M= (4,4,3)

) | 4 4 3
ml= ('4'2, 4) : "4'.' 42‘ ﬁi-

V= (4,6, 4)

Rtoéeg/mo.) qmnd.c mon debbiame Catcrvore (om Lk

ad esempic in f(z", x2, Cosx)
(3e* -x*+cosx , 2x%-cosx ,  eX +2x32)

3 -4 A
M= (O 2 -4>
14 2 O

Dmosmaziore & el
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Ry = Py Vo + Py + .. P2n.'nrrl. = Pa (C,_,,,sz. e CZ’“) Toor PZ"- (C'l‘“’('"-">

= G, Qs -+, Q- NN o
5 Q= PraCay +PaCyy * oo P Cry. S ]

Rom= Prm nyE p,,,,,2 N +... +P,,,,,,_N'ﬂ_

823 g R R PR |
Ci=1 .. Pz«C«: e+ Pzr:.CrH = Cpp | P +...+ Cra F“"-
Q,m,( s e B T . .
4 Pmq Caqt - - "'sz, Cn.-t . \Pma /. Pmn,
S~ -~

Ca= CuPy + .. +cg,Pn...,. S T R -
e vl AR
Gz CnPit ot G SERIRERPSEE ..
(G s Cn) S .f(p,,p,,_.. 3 S R RO I T T AP
i, £ ¢ dimR(=r) “‘i"idm@:wn.c:
Rpe:rendoec stesso maemm pe'cle r.?&z dum@ dom L | P

SRS ‘-?T C . | 4 marzo 2040

[serv-2at i'(aa;m*t
—’
' lp\('—y-r?i"t: 3 la-z

oM equazioni. €. m :‘.hm%mam; X4, %y, e Xm & Re € (K)

,Q,H.X.‘ + Q,{zxz “ ...+ Q“MXm = b.‘

Qyy X4+ Qyy xzj -+ Ozmxm = b2
Se t.'o&ao e inwgn\te X e ; betmin ot b oliengo. ume. Marmce - A= Q_’;*_,?z?, T Com
QM4QW2'~'QW“

- Rosse Soure amiRe une. MGHTUCR. (on una. £oko. Colonna, di termini notc

| Byt QG e B ik
8- b € A|B= Qa4 st Qzm, bz o X =
B A [ A

A q,uebi'o punto pssiawe Souwere  AX =

X\ Q-MX4 +0,,X, ¥ oo "'QM\XM '
A= (G F Xt Qe |
- N R I SR

A\l

X R
TP B Xy O X+ Oy Xom
OPPue  pussioms. amche UL G | Oun b,
T Po. Xy Qﬁ _+x2 +Xh an = bz
Qo 4 [T B

0o Xyt XnCn = B (G i e L)

X CXCy b X = B R sluziomi e TR R, .. Rm X ( )mm AR=B.
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Avende G bese ¢ wn vmembe dele spazo welonial, Ko s %ponemt:’ o

que@.’ elrmemte ruspetle adlc.. ba:;é,; 'que-:;fe compomente  Some deﬁ.‘n.t:é N rmami et

‘ - _ Dl e - Co m=r 4 sofa, seuzione {
X..H_._',,... N XM ___* X.(, PR ,x‘z ‘ . : : 'Y\-R.%
—_— - S Dol m>m amPnite scuzori, OO }

m’n' e.befa SENET IR TP\ PTNI: SN SRR SUNSY SUN-SRRIY AP SO W SRIS AUEN SR PRENURV § r-.ivig-r
ES 4X+y42+t=—{ ‘v'f 4 —41 4 4 '_’ P(A)“"P(A‘B) 2 MGA
, 2X=y + 3t=O - -2 -4 c 3 2
:Q)ecoecnne_d’e fovmamo ume base Sono C,i(«. Cp - SLQQ(JO Zet come |
umcogmba Cbera '
[ Xry=2Z-t+q
2%~y = -3k
xe AHEoGE oy quE-EodrEogk | Zeebas
.3 o _ 3 , r Y
+ Re oo? sceuziom R ‘ |
€5 | x+y-zabeda (44 -4 4| 1)
X-yr2£=0 2 -4 0o 2|0
[ C4
C4-.-..C;4 - mon pc<so &bsugncwa. Waon. a. p\c.t.e;u. o \, e 2
[ y+rt=4+2-x yrE=Ar2-x o s:ampna crmmetre s.,b.u?_une.
2% + 2tk =y 2.()(+k) y Do . C . L
ad esempio L y=2 {x+t=4  impossibiee
o 2265 (2(x+F) =2 L
& 4:._?...;_, - ’i..' 4.-. -i 'i_,f:_...r -
AX=D ¢ Sempre ‘Cmr\.pon‘ bR com X = xz = Xm= O
s { Xty -2+t =0 A4 -P 4 |o)
=2, m=4 - (-2=12>0 —'-r @? soluziont
[ m | o |
sy, %R mémabbomo  LEmMIM = i sore sovzion: clverse. da tuth 2ev0

AX= O‘ imsieme delle scluzione IE IK € spaze vellowode:
AX, =0

: A(x4+xz) = AX4+AXZ- O0+0 =0 chuse n,..speixo olle sowua  con eem. neurno

Alax) = a(Ax) = 3C. O  cRuso fu&pdxo al preclclio
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Es. [ x+ytr2rb=4 94 4 4
x +22-t=0 4 (D) -4 | o
x -2t= 2 1 O o -2 2
X = 2+2t

242t 422-t=0 o 22tt=-2 4 2=-1-&

A Siinza o uscRuere dedl’ ubtima. Lo pche” € dae Ko pu..g et
-4-t - s = 5 '
Yf'ZT]_t A 2+E-4,., ;t +ty=0C - \/:-zt

Q uinds (Xx= 242k g tv
=-5k (Z*'Zt"itr’*"i"q
2
2=~ ?I—i.:.
2

1 ) ¢ dolo. b matasce compiete ma
fon q«ﬂi&. dQL Cce?é.uénti o

V(M 3 o msulro, uscluble

la+b=4 , ]
0= o non ueslo o kscferla  (impossibile)
a+zb= ERUE RIDCRRE SR RIGHE (A MATRICE DSl (CEFmICENTY
a=-b==2 @n GL ELEMENT Py A 3inNsTRA delic <SBARRA.
AX: 6 — A'X: B\,
(ale) — (A'e)
AX=8 . 15 marze 2010
Ax=B8" A" ¢ matrice ndolta.-

ssema. adello
- Se mum Cistn0 rughe mole Rango = m> .uc,jpe

T R oo mgle MUk SigmiRica MuXgt ot QumXa= by
O=b,#0 -5 sistemc. .ncovnpé\h'b».le
METCDO SICRL O Riscwozore

pa)=m  wm m ;ncosm;te

’!q“w‘x“ + ) s a4'7\ x’n = b.' i Q44 OQ 045 N b4’
malrice ’
b menee | ¢ Q,, Qa3 ... b,
. "’P + . = Dp assoc ota b"
o 0 Qy 3
.= . Lo . : v .
o+ bq_nr(rr,"’ b, ' o o © @ ba

u) oo Xp dobe .ncc?mde SCcemie - )C,L Xowa,---, Xn ( Yermin: pnecedenn smomiu)
lh) sosbitumsco mela pe/m%,m maazu-, in Punz.ene d.n/Le SOCRLS ue ma. )q-z non

C'E pat, quiIncl tesTa d¢p.ndeh‘l‘€ Xrey: Xaed, -, X

CKm.

’
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