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Exercise 1

A robotised work station has been set up with a manipulator and with an external video
camera as drawn in the figure. The video camera shoots the working plane, on which is
installed the fixed base of the manipulator, and a working piece on it.

Attached to the working plane is a global reference system 0 with origin O and axes xyz,
while a reference frame 7 with origin O, and axes X;y1z; is associated with the rigid body
working piece. . : :

Defined as reference frame 2 a coordinate system attached to the video camera with origin O,
and axes x;y;z,, the following transformation matrixes are provided by video images:

01 0 1 1 6 0 -10
- o o 1o - 0 -1 0o 20
2AI :r QAD - o i
00 -1 9 6 0 ~1 .10
C 00 0 1 S0 0 0 g o
Copo r‘l,%ado %’M%D{?ﬂb 2l reléromen, BsTemy  heso n;gse{}?o 24 1@’&?{9%3?(},

Questions:

* Draw the reference frames / and 2 in the global frame 0,
* Find the transformation matrix °B, of the camera with respect to the global frame when
the camera is rotated about its axis z; by 90°.

* The robot moves the piece with a rotation about the body-attached x7-axis by 90° and then
with a translation along body-attached y;-axis by 4 units.

Find the resulting transformation matrix °B, of the Ppiece with. respect to the global frame,

and the transformation matrix ’B, of the body with respect to the camera frame.

= Check graphically the numerical Fesults.

e | ‘. V‘ igi Ei di, 55 - Torino / Pagina 25 di 235
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Exercise 2

A triangular shaped body, with associated reference frame / made up of axes x;y,z; and origin
A, is located in the global coordinate system with axes xgyzp and origin O as figure shows,

Questions:

s Find the transformation matrix °4, of the body with respect to the global frame and the
position vectors 'p,, 5y, ' B of the body points A, B, C with respect to the body frame.

¢ Given a sequence of two displacements of the body: ' =
1. rotation 9 =7 of the body about the body axis with unit vector /= [0 1/V2 12 ]r
("A - B )
2. translation of the body by vector s={0 —2 0] in the fixed frame ((’fi’l > 0(3‘.{);
find the following results: -
- transformation matrixes °B,, °C, ;

Gre Grm Grp

- final position vectors of body points A, B, C: "p%, "5}, "pr..

= Check graphically the numerical resulls.

e Given the transformation matrixes 0;1 and Oé of the body with respect to the global

frame, solve the inverse problem to evaiuate the paiameters h, 8 and s assomated to the
 rotation plus translation movement. ‘
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0 0 0
* P, s = s="p-"p,=|-1|-{1|=]-2
1 I 0

* °C =4, - Rot(h,9) =
o1 oo 1 0 —100]
Rot(h,9)="4""C, = "4/ °C,={0 0 1|-1 0 O|=|0 0 1
)

1 0 0jp 0 0 1 I o
Rl i ‘Ri 2
Given a generic notation of the rotation matrix Rot(h,9)=|R,; R,
R31 R32

it follows:

9= oos'l(R“ +R22+R33—1J =17 rad;

2
h=ln, n, nf h o=t R“2”=0

R.,+1 -1

o=k it g

¥ 2 ‘\/5
Ry, +1 1

ho=x 0l oy

z 2 JE

sgn(h ) =sg(R,) =1 = sgn(h) =sg(h,)

;
solutions: A =0 L —-L}, G =+7 rad
N2 2

| 1 1T
=10 ~— ——|; F==x rad
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Exercise 3

A triangular shaped body with vertexes 4, B, C is moved within the space associated with the
global axes xgygzp and origin O from an initial location to a final location, associated
respectively to the reference frames Ax;y;z; and 4x;y,z2, as shown in the figure.

Questions:

» Find the transformation matrixes Oﬁl and 01&2 of the body with respect to the global fixed
frame.
* Find the parameters /i, $and s of the displacements from the initial configuration to the
final configuaration for the two following sequences: o
1. rotation 9 of the body about body axis with unit vector /4 followed by translation
by vector s in the fixed reference frame.

2. rotation J of the body about fixed axis with unit vector 4 followed by translation

S —
i

by vector s in the fixed reference frame.

= Check graphically the numerical resulls.

) initial configuration
final configuration 23

Ao
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m— 1 LT T T T T T T : ;
| sequence #2: [ ”»
‘ : H i f i #
| i ~ N n ~ R f. . H i | :

- ; "4, = Tras(s). Rot(h,9)°4, :{ GOTAl ; Rot El-i-g:; e e

0 1 o
: Evaluation of the movement parameters:
. -
|

. : * RO[(]’T, 3): GAQ _OAIMI - OAZ'OAIT =

=

0
0
1

<o O

Given a generic notation of the rotation matrix Ror(h, %) =|R,, R

22
R3¥ RSZ

- 7 ' it follows:

cosd = a2 =—o = 9= £120%

I olutions: ,i_q:_{l ; }}r; = 11200 , 7. |

[ 11 9= -120° -

0] [-~1 IO 0 O O A
1 b
1

00 1 nEn

* g=p,—Rot-p =|-11=11 0 0f1{=|-1 I - .

| 1 jo 10 0 o
o ERRERNN.
| LR AU SO SO N S ..................
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Robot ARTICOLATO + POLSO SFERICO a3 gdl (2)
Parametri di Denavit - Hartenberg:
i (249} [N i Lgl
1 0 ¢ 0 I
2 - 90° 0 0 9,
3 0 oy dj :93
4 90° asz d4 35
5 90° 0 0 95
6 - 90° 0 ds Is
Matrici di posizione/orientazione dei sistemi di riferimento;
a'}s $ —sind 0 0 cos$, —sing, 0 0 i
05 - sind cos 9, 0 0 . 0 G Lo 5
7o 0 10 Rl |
| —sind, ~cos§, 0 0 P
(). 0 0 1 0 0 0 1 |
cc?s &, —sing, 0 gq 1 cos$, -sind, ¢ a,
21:13 _ sind,  cosd 0 ¢ G- 0 0 -1 —d,
0 0 I 4, ' sin 9, cos8, 0 0
0 0 0 1] 0 0 0 1
cos8 —sm8, 0 0] cos8,  —sing. 0 0
- 0 - . |
i © 0 1o .| o 0 1 4 -
sinds cosd. 0 Q R & ~cosd 0 0 i
0 0 0 1] 0 0 0 1
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i prrd ek : ! : L U :
: : Robot ARTICOLATO + POLSO SFERICO a 3 gdl
Problema di CINEMATICA INVERSA (1) L N
Quesito: _
Assegnato il vettore posizione dell’end effector “ﬁg , determinare il vettore dei gradi di )
R T liberta nei giunti ¢. L
Soluzione: 3 | . L
I determinazione della matrice di posizione/orientazione dell’end effector °4, .
2. calcolo della posizione del centro polso ° 2, 3’
- 3. soluzione del problema di cinematica inversa del braccio articolato con determinazione m
Lo dei gradi di libertd nei giunti 1,2,3 [4 & 4] o .
4. calcolo.della matrice di posizione/orientazione del sistemna di riferimento 3 923. L [ o

5. calcolo della matrice di posizione/orientazione dell’end effector rispetto al link 3

del braccio articolato * 4, . ‘ L
6. soluzione del problema di cinematica inversa del polso con determinazione dei gradi N
di liberta nei giunti 4, 5,6 [9, % 4]. S
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2° espressione del centro polso rispetto al sistema di riferimento | :

|
4
Robot ARTICOLATO + POLSO SFERICO a 3 gdl f
‘ g
Problema di CINEMATICA INVERSA  (3) b
3. soluzione del problema di cinematica inversa del braccio articolato con determinazione
dei gradi di liberta nei giunti 1,2, 3 [4, % 4] §
1¢ espressione del centro polso rispetto al sistema di riferimento 1:
& =85 0 0|l -5 0 a a;
lﬁ _ }/& .2‘;1 .Sﬁ _ 0 O 1 O 33 C3 0 O . _d4 —
=T S s~ 000010 0 1 a4 o
0 0O 0 1{/0 0 0 1 1 ;
a3 ‘623 +d4 '823 +CI2 ‘Cz
ds
Gy sy tdy ey -a, s,
]
ay |
3. 37 3 _d4
essendo “p =ay iy —d,- Iy = 0
1
¢ 5 0 01 lx, Cp Xy + 8- Yy S .
134'—" 0‘;11_3‘0}';4: “hoa 0 0y | fesex ey ‘ ;
0 0 1 0]z Z4 ; ;
0 0 0 11 I

Uguagliando le due espressioni del centro polso ' rispetto al sistema di riferimento 1:
guag P p P, rsp

Cp Xy 8 ¥, =ay 0+, -8, +a, ()
=5 X, +e 0y, =d, 2
Iy =0y Syt d, 0 —ay s, (3)
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Robot ARTICOLATO + POLSO SFERICO a 3 gd]

Iy Problema di CINEMATICA INVERSA  (5)

¢ Calcolo del grado di liberta % del giunto 3.

Elevando al quadrato le equazioni (1), (2) e (3) e sommandole membro a membro
si ottiene:

205202 2 2 43 o :
Xy ¥ Yi+ay—a; —a; ~di —d P
@y cytdy s, =2t TYITE G —ay ~dy —d, o

2-a,

ovvero, chiamando con & il termine noto a secondo membro: ‘ P

Si consideri il vettore posizione P, del centro polso rispetto al riferimento 3.

) 4 ¢ un vettore costante dipendente solo dalla geometria del braccio articolato, A e o

Indicando con: /= modulo del vettore * ﬁv4 i
— |

&= angolo tra il vettore 324 e 'asse x;

_ (2.3
risulta: h=yay +d;

' R §=afan2(d4,a3)
-

| Dall’equazione (4) e dalla geometria del brac-~
cio articolato si evince che b & Ia lunghezza

1 _ .
R della proiezione del vettore 3p4 sull’asse x;.
| £

A - Quindi, indicando con:
| 7= angolo tra il vettore 3154 e Passe x;

risulta: hocosn=h . , =

B
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Robot ARTICOLATO + POLSO SFERICO a 3 gdl

Problema di CINEMATICA INVERSA (7)

Prospetto riassuntivo delle soluzioni del problema di cinematica inversa
del braccio articolato:

vettore posizione del centro polso p,= [, ». z[

|
& =aian2@4)x4)*atan2(d3, X+ vy —d32) (6)
G, =atan? d4,a3)+atan2(iﬁa32 +d! —b?, b) (7
8, =atan2(s,, c,) 8
essendo: b=x§ +yf+zj—a§ —af—djwdj
2-a,
’ 5 :(Cl‘x4+sz'}’4)(‘1’4'63_33"93)_’(5"*'“2)‘24
’ (d4-c3—a3-53)2+(b+a2)2
¢, = (b+a2)'(cl Xy + 8, 'y4)+(d4 Gy —dy '53)'24

(d4 o a5 '53)2 +(b+a2)2

» In conclusione esistono 4 terne di soluzione: [Sf 8 331] -[,9,’ g g ]
b o al g e 9]

Nota: Configurazioni singolari:

Per particolari valori dei parametri geometrici caratteristici del braccio articolato,
esistono posizioni del centro polso per le quali le espressioni di soluzione della
cinematica inversa (6), (7), (8) sopra indicate non sono applicabili.

Tali configurazioni devono essere studiate singolarmente.

Ad esempio, assumendo d; = 0, un posizionamento del centro polso su un punto
dell’asse zg richiede x, =y, = 0 ¢ la soluzione (6) per J; ¢ indeterminata
In tale caso, da considerazioni grafiche segue:

d, =0 8, = qualsiasi
x, =0 = ' =atan2(d4,a3)+atan2(i ai +d; -b", b) = =
Yy =0 4, =amn2(sz, Cz) - ’ |
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Robot ARTICOLATO + POLSO SF ERICO a 3 gdi

Problema di CINEMATICA INVERSA 9

6. soluzione del problema di cinematica inversa del polso con determinazione dei gradi L
di liberta nei giunti 4,5, 6 [9, & 4] !

I termini della matrice 31216 sono funzione dei gradi di lberta incogniti del polso

CaCsCo =8485 —C4Cs85— 85,05 —Cy5g —dgc,ss +ay

. X g e —85C S48 -c —dges ~d :
5 5% 5% 5 6%~y

A=A, 4,0, =
Sa8585 +CySg = 5,058 +eycs  —8,8s —dgs,s;

0 0 0 1 ‘

Si conclude che le soluzioni per i gradi di liberta dei giunti 4, 5, 6 sono:

Sy = atan 2= dsy~ A, )+ nr n=0,1 9)
85 = a‘tfmZ(*ABC4 _A33S4,"’“/‘123) (10)
9 =afcm2(A22/S5 Ay [s5) - SR SRR ¢ § !

, con configurazione singolare:

Sj:0 = !9530; 34”"(96 :atdnz(_Alz,A32)
85 = 75 9y -8 = afcm2(— A, As5)

da cui risulta che in generale esistono due possibili soluzioni {19‘;' 9 gl J e N

[194” o gf 9 }, ottenute al variare di n nell’espressione (9), per i gradi di liberta dei .

giunti del polso per ogni matrice di posizione/orientazione dell’end effector rispetto al RN R
i link 3 del braccio articolato A, . I e =
| i P |
|
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Angular acceleration of the link 7
do, do,

&, =, +G,1-6) k,+4,(1-8) @, x4,

LS

=t
rl
Acceleration of the origin O; of the reference frame of the link i

i‘—i&_dl"mz do, d 7} T
dr ‘§7+‘*g,“x(£f-£,_])+@:-ixé?@f‘Ef-l)”" PhTaOTy

d d .
(._f; i _Ei-i) = E;(q"lh—-l +4, &z) =G0 Xl +d o, %k, =0

=L@ i tdk rd e, <k =1
(. -7, Sk +w,_, x(;_; ,4)
L=V dy x::(gj —’E;’__l.) REC BR [Q:ivlﬁx (Ez Py )]+ qz“ﬁz k:+24, sz W Xk,

© Acceleration of the point R; embedded in the link

Vo, = U+ dyxs; + wixl@, %)

v EW{DQA D ﬁc,ucL‘ Ep_/\% th 7 {(\i C%T‘%NF\,‘@{.:QMA'T ‘ff\ ﬁpﬁﬁ

TG (120 kg (1- 5) @%:w; REC O pes definingne o
. dr . versore
rene W ot vl gunto ’\M{’N\il. WAoo 5 K

43 ca{um'\" Loe Wﬁé\'ﬁfu i :%‘:zwﬁtw L 1@ y (1) e f" peda
_Z [ qj(l é ) k +q}( )CE} )(k ] J’i 5&3&2":) V‘\bb‘&L vpor;r-n;a, L'}J'L’(lg)x &

9

(10)

- Note: the reference frames are attached to the links according to the Denavit-Hartenberg’s convention

3 !
FETIY oW oS N ’U/f RROWe e Alnte
. rf 2 oo, Count de R
it : : P L
BE
e SESTITE T ) U e e

e g
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Exercise 5

The multibody system shown in the figure consists of a fixed base O and of three moveable
body 1, 2, 3 constrained each others by means of revolute and prismatic joints. For each joints

are assumed the degrees of freedom with positive directions as shown in the figure and with
null values in the drawn configuration,

Questions:

* Define the reference frames attached to the base and to the bodies in accordance with the
Denavit-Hartenberg's convention.
The origin of the global frame is to be located in the point O, while the origin of the
reference frame of the body 3 is to be located in the point EE. :

* EBvalute the DH parameters to express the transfomation matrixes of the links as funtion of
the d.o.f. gy, gz, gs.in an arbitrary configuration.

d 4

h 90°+q;
e+qs 0 s
0 1 0 0

0 . 0 0 -1 4

ZA -
F] 3
0 01t 0
1 0 0 O
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Exercise 6 — solution

(example of solution; the solution is not uniquely defined)

rf0-efr 0 < . RS A
0 0 1 » Cr=cos(qy); S1=8in(q,) ‘ . iy

r.f.1—51f2 i,?zzz 01 oo ‘

& 0 -5, 4 ol |

550 ¢ o C3=c0s(q3); sy=sinfyg; ) e
100 3 s
rf3 5 rfBE 34 - N
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Exercise 7 — solution |
+ ‘ |
(example of solution, the solution is not uniquely defined)

G =5 0 ajle, 0 -5, 0171 0 0 » i
transf. matrix: (’QE:OA]‘AEZJ?{F: foa 00p10 T 0 0f0 10 o0
) G 0 1 0|5 0 ¢ 0010 01 o ) ,E
(00 0 1/{0 0 o i 0 0 0 1
6e, =8 -c¢s, a+bec, ;
&6 e =gy, bs,c,
s, 0 c, bs,
0 0 0 1
unit vectors of the joint R . P =0 :
Joints axes: k [O 0 i]r, Oizﬂeii:{_% G 0]’
sa, 1
angular velocity: ‘@, =4 °k —5.%; = ;
5T ), = -0q,
g, |
linear velocity:
(g, o] 2 | [0 ] ) [ren=seao
ES W XL P D)= g, ix bsic, |-[0|i= ~55:0,0 +ce,q,b
% bs, O_J C1q,b

¢, =c0s(q,); s, =sin(g,) s
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Exercise 8 - solution
(the frames according to DH's method is not uniquely defined)

o @] @ d] 9 |
| . 0° 0 h J90°"§~qj
; 9Q° a Q2 J 0
0° 0 b ; g3 .

i Transformation matrixes:
-8 ~c¢ 00 I 0 0 a e —s 0 0 -

3 3 :

Gﬂ;= ¢ -5 00 ;22 g 0 -1 - q, g e 0 0

; = 2 N 3 !

0 0 1 k 01 0 o 4=l 1 s ?

LO 0 01 00 0 | 0 0

[0 <1 0 —¢

5 - ~1 0 0 o0 _

. Unit vectors of the joints axes: ° k=0 o 7. k=g - "< of r

B B A Tl o

Angular velocity: Uﬁ)gzow@g = q"lck, +q'30k3 =| 8,4
& = 3

‘a3
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[

Linear velocity: v, =@, x@E —ga)+ @, % (gs —gz)+ W, % @2 -2, )-é— gk, =

=@, X Ly =P )t e +q,k, | (@, =)

Solution 2.

vectors in the expression of ¥, written initially in terms of components with respect to
frame 7 and then 'y, transformed to frame 0

— 0y ¢
]
(EE—_B}): U ](Bg—&): ~b-q,
—csy 0
] 0 0
1 : . 1
w, = : @y =1—4gy |, ky=1-1
4 g, 0
i 5685 q't(b'*'%) 0]
i‘_’[; =] —qgce; |+ 4, +q:| -4,
— ey 0 0 |

1 _51(43053 ""?z(b""%))_cz(“ giccy +g‘|a‘€72)
Vg = DAx Yp= Cl(qscss + 41(5 + %))hsi(_ gycc; + %a_‘i:'z)

— gsces

0
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Vector of the velocity state of end-effector (link n)
- composed of the elements of the linear velocity of origin 0,
and angular velocity of the link

| Vector of the n actuated joint rates g=1. nx b

14

/&ﬂ%ﬂw\g maiot:% EM{M@;&&,{ *’ |

> Jacobian matrix J of the end-effec!:or

gt

Vi=7g {ZM}Z[J‘ PANFARRPA

10 S N U O I
P e e S It EE R

d,

5& ”_Ci + (] _54) _k.ér' A (‘En;,; E_,) [ 3x1
1 (1 5) k 3x1

f’t. _, wuwm

[

@& %x Q. Md’? Tk 7/01 »-;iqi:zf%a '_ ;
. 5%“‘ M‘fmw b e ]

! B H i ' i | i !

! i : ! ! ! i |
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c —
] s 000 6, -5, 0
05 S ¢, 00 . 2 1
= t A A A -
o o 1 0 OAQ‘_“OAIiAg = S(’; C(I)?« f 4,
0 0 0 1 0 5
0 0 0 1
“i3 T8 0 g +he¢,,
4="4,24 <5 G O Lsi+Ls,
0 0 1 0
0 0 0 1
‘3 TSy 0 g +he, +he,,
G"&P :of‘lb,a‘;ig <|Mm Gy O s+l +158,
0 0 1 0
0 0 0 i
» Matrice jacobiana del-s.r. 3
e[ el
Q3 ;_CJ ]£2 !E'; q,
q;
i_ci:OA,‘[O 0 E]T 7
b="4fo 0 o q7 1
vi): —liSi _IZSIZ —«125 O e | (
iz H f " i
3 Ewidenyi; [ : (VRS Y
Vis he, +he, Le, 0 ) C’ﬁr\j e T@{ﬁg Al del Sfﬂﬁ E '
e 0 G| e non ontnb, g ; Y
o = 0 0 q y . ’.M{'j A% I i VE‘G{’Q (e ,sq }}, e LV\
3x O 0 0 -2 itelVe = '"g{:)m{-) u o , : R L
@5, 0 0 ol % o o nearrounty iwﬁpﬁwﬂ%ﬁa F
@, 1 =G ey 2 {!G QS Y L i f (_4[6,
...;v "
Vi hs,=ls, —ls, 0 g, ) ‘ -
v.?y llcl “§'[2C]2 [76'12 G q 3x q’!
@;, 1 i 1 . Vi = s g,
: 93 a)? g
Gz 3

J3 = matrice Jjacobiana del s.r. 3 espressa nel s.r. §
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» Analisi delle singolarita della matrice Jjacobiana J;

—ls —Ls 2 —hs, 0

J, = he,+l,e, Le, 0
I 1 1
d = ’
et(Js) hi;s, Con {}b Fing %”"E‘H\
A percle :2 ’
det(.fg)zﬂ = sing, =0 — g, =0 ) (f;?’d‘f_{_!/ JL“ L“(} nell \)M%Vﬁ
Pello oo yane At '
_ G, BN e
9= ::’hm CE Y Coupy PR pfld
O&N\ AR® fe ‘%L’AW ;{,Wéf WM
Ny e i che i
U Y =
ﬂhf_u\m e?;,j f!r\ﬁm te
T T Cadgn dﬁgoﬁwm% felutvond ‘jtjf

- oin
\ « W’Y\f&h% if/\(,f'?.fJb;

|
|
l
|
|
|
J
|
|
|
|

s.,u _} h/ \ ‘\ _____,,/// . :

LU0 Sivakone e *mfwﬂﬁ?ﬁ‘ﬁ v pr QVMJMQ in Guanto 3t et dedls soovo b

i lbvore  da (fu@é‘ﬂ;; (.,ﬁmt-p Cu 5 1
g‘«’ Svno Qmaie Vg ‘ﬂﬂ‘»j,f) LTl o U

i . Aol .
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» Matrice jacobiana del sr. E

KE-“-{XE} } {’EIX(&-EI)

o, k, k; Lo ])®
s
k="4f0 0 1J°
p="4lo 0 0 17
Ve ~hs =hs, ~Ls,, b, —L85; =1 ]
Vey hethen+hey, Loy +le, Lieiys .
Vi | _ 0 0 0 i
w, 0 0 o [P
o, 0 0 0o |\
@, i 1 I ]
J Vi —l8 =lysy, =15, LS =8y, —Lsy ] (4, Vi
Vi e, +1ey, +ie,y, hen+hen; Ly, 4, Ve = Jg
@, 1 1 1 g, @,

Jg = matrice jacobiana del s.r. E espressa nel s.r. 0

WYe 29"1&1 +4’27_{2 +é’3&1

=4k, (E - P, "'%k X(E

+q3k x@

:%&1 X{PE

=4k, x(£3

=¥yt X([_?E
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_£3 )+ (Ba —EE)]+QZ]—C2 [L
—Ek)+q.’2~/§2><@3 _Ez)+(é'1ka+é’2jﬁz+Q3&3)x@E )
-

De =@ =qk,+q,k, +45 ks

p)+ @

p, ik x(p, - p. )=
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i H | ! | N
bl {

E

i

b}

i |
: —
| N
i [ H

i
H
1
|
£

Robot ARTICOLATO + POLSO SFERICO a 3 gdl
Analisi di singolarita

ZpZLg R ZE i

p
sempli Nt 13 descng ae ,
3

scvbe o0 due Bl
Fi bl W/E'l d\;“""- Y = 05 = ()ng

Zp=z

Zs

O() = O[ = Og
% )
!

Configurazione rappresentata con gradi di libertd nei giunti nulli
vettore dei gradi di libert nello spazio dei giunti: g=1% 9 4 9, 4 4J
vettore di posizione generalizzata dell’end effector: 2 =[x, Yo zZ¢ ¥ x of
braccio: link1-2-3 i
polso: link4-5-6
centro polso: origini Oy = 05 = O,

s.r. end-effector = s.r. link 6

i
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» Matrice jacobiana del s.r. 6, coincidente con s.r. del]’end-effector |
8 61 - ‘ S
. L e S
. L ) ] S = o !
3, 8, . ij& rgj d-r‘»]%}/‘b ¢ ¢ e nullo w
3 7 . , wy o oddells - y g
| v, . i ;
[ &l _ [0 5 velotfy o EE
‘ Dy '94 ']21 Jzz 34
4, T el rgdt del pols
: . g [
'96 '95 H
essendo: S o I P M DI SN
mei}’i"o fi?“a‘\%) {)f{yuz_ el EE %B(;Q m{:L@ m?@'v@““ SN T S| I
- [k (_ | o oolsd, |
i — % _ k _ _ - . . B S . 3
[N TVl 20 B TR (Ez Eg) kyx (]_JE 2, )J i P{Q{ﬁi ema ¢ [Ju ey (I{)ig{\l It . ol
‘]21:[1171 k, /Eq] T % ! . S
g 2 s ]
Tp=lky ky k] Cinemahin. del Lpuw ¢
T in A
; Ehvedy o Al (awf EC)J J{jﬁ@ jﬁ?i/ﬁ"
i ; SEa i\ T . 5 o
Profleme i due soto pradeni~ | |
Calcolando: e E
=° T - . A
k= ‘1{1[0 01 lHGo tar T4 fjﬁtfgﬁ ]
p="4l0 0 o 1™ “
si ottengono:
J _(Slczsaa 51850 + 5,60 _CJdB) TS558 +C0yd, — 8,40, OS5 +€,Chad,
11| Clny +0i5,,d, +eje,a, ~s,d, TS F803d, 55,0, —8,8,,0, +5,0,,d,
0 —Cpytly —Sy5d, ~cya, + 25,¢0/d, —Cytly — 5,34,
0 -5 -5
4 G
0 0
o 3 3 ; ; L
‘ J22 :Ag[ ]_{4 _]ES ?EG} - OA3 _1 O CS - [ S R S+ T S R
; 0 —c, s, I .
Oy GOS8, +5,6,  ~00,40,5; —Cy8,5Cs + 5,8, 5, -
803 80,8, — CiCy = 80540, 58, = 81855C5 = €8, 5, W e
Cy3 8535, 833C485 = Cy3€;
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SR i 1 ; R s Bt
! b I i ! H H | { ! ! !
! i ; H i : : | H H :

! i H H I P

= una colonna di Jj; & nulla; ad esempio:
‘, configurazione &, e Ln}_ —pl)
=" t —_—

* nel caso di @ =a’ +d’ e nella confi
tale configurazione k, ¢ @F - pz)

. ?5) S Ao
- W RoRoT
C RiponDAN TE

I vobot Ejfzf“@ S ce
; Slesse .

> Analisi delle singolarita della matrice jacobiana .J;,

Problema cinematico diretto

@y, 9 34
Qe =10p ¢ = Jy 19,0 + J 2 1%
‘ @y, 8, A

Condizione di singolarita:
det(‘]zz):@z;x@s‘;fs:

det(Jm):O si verifica quando gli assi Zy4, Zs, Zg

sono coplanari, ovvero quando s =00 9 = 1

© Proprieta riservata dell'autore - Digitalizzazione e distribuzione a cura del

’ . igitali i istribuzi cura del CENTRO APPUNTI - Corso Luig
i © I?roprietal rlsgrvata de.!lkagt‘étgu— Dlgltallzzazzc?n.eiffilistrlbyzm‘ne a: : o DL ’ | T

i » nel caso di d, =0 ¢ nella configurazio

£
|
i
i

Pels

Wb et olefl

fig. 4

imposte dalla singolarita di poiso

Problema cinematico inverso

8,
b o= ‘]:zmzI ay y
9

i Einaudi, 55‘— T

&

ne con centro polso sull’asse z;; i
sono paralleli e la 1° colonna si annulla (fig. 3)

. G

5

(.J%'

|

b=
n tale

gurazione con ceniro polso sull’asse Z3 in

sono paralleli e la 2° colonna si annulla (fig. 4)

orino / P

g & pvels colonns now ho T

agina 81 di 235
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,.,.:*‘J! N ﬁM <: H

E goranto, f'uo esdece umplo 99 ‘?W[Uﬂqde hhk.

H—i

SISTEML Equiva e
PI Forzp

Pur\f\ WW!\Q

€ g\ff( ve ttond
£ & P}@x
m.g c:&f; Cadt} e Vomi.\k)
(5= m N )
RRUONI RISULTANT] DI INERUA g &;mgouz la. ponga “

bFF!iczﬂe 2 bovice it & 0} |
Free-body diagram of link

Detail of the free-body dia i
oo y diagram Detail of the free-body diagram

of the end link »

:ot thh‘d" m,(, e f.'.
Lc,h
L-Jzn T’N\g (JOS’T\NT“Q

Y ; MOT’M C(
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| T ;

+ Inertia force:

¢ Inertia mo

o WM .

ment at the center of mass:

oS R S S

» Newton-Euler equations of motion expre

ebed b L

et [

ssed in the link reference frame j
Fogm i i .
L: - EH—] +mf g_mily(}z =G

M, M. +'F, x G-0) _fEr‘H x (G, =00~ 1, - i.@:‘ X (il(‘fim

—_—

R i [«
F+m, E—m v, =0

T
i
i
:
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Kinematic equations-

[Q,)x = [/-’7*11"]@;—1 +€}z‘ (I“é‘i) Ikz‘
R S ..
G= A0+ G (1-6) h+ . (1-6) (', |3

=4, l Yia + a) % !i~1 + HQH X( HQM X HZ:‘-J)J’*‘
+4, 6, kr +2¢, 6 (IAr‘mI MQM)X fli: _

i .t i i ]

Y= ¥ + @, X éf + l@, X(!C*)‘- x'h )
—_— 7

o Dynamic equations-

= i @ .
A, F,, —mA ey

JM: = /;4[4-]’“M1'+] - jEf X ’}ij "(iAMI.HE:H )X (i!; - jé;)‘!' ’]fiéf + {@i X ('J.IQJ )

Actuator forces and orgues:

="k 'F actuator force i i
k- F ator force in a prismatic joint ;

i lk; ) JM;

bi
i

actuator torque in a revolyte Jjoint i

h’a roTa%\om re(zmve. ...,«_% L e L
L g Y T .

Gy RRIG
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v groa)

n ,_,Qi.w”,f%; anduce jad _
MABTR. W T2eA ond . Wintof

I

i
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T qle)=g1: 40)=0;

‘ ‘?(tk)z%d

[N T SN 0? Jimn oo
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H | : ! i i i i ] ¢ H T " m— )

I1,6) =g, =0
Hl(tl):cjl =0

Lonhnuty” e {11, {r, )=
Valore %}'ﬁ:“a”mhw Ay nfc—(zt(; ) qx
. P IG 2 =
WNT!NU\T& hi r i ¥ ‘fC k qk.
MELO LT AT - - W Hk—}(tk)“—‘nk(l‘k)
DT INTA T e ..
ACLE LLE MPAZIOND 2L ([fc ) =1, (tk)

I‘IN—I (f.N)x 9
HN_I([N):q.N =0
HN‘E(I‘N):‘?N =0

-~ (Skpotrebbero assymere polinomi Tl (k = 1,...., No1), tutti di.3° grado introducendo

— dPQf?U?t-Iv Speltivamente nel primo ¢ ultimo tratto di trajettoria)

4 f.l.-:

&A i
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